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ABSTRACT 
OPTIMAL REGIONAL IZAT I O N  OF WASTEWATER TREATMENT 
FOR WATER QUAL ITY MANAGEMENT 
A  mathemat ical  d e c i s i o n  model i s  developed which determines how 
a  group o f  waste d ischargers  shou ld  r e g i o n a l i z e  t h e i r  t r e a t m e n t  f a c i  1  i t i  es 
and t h e  amount o f  t r e a t m e n t  each f a c i l  i t y  s h o u l d  p r o v i d e  so t h a t  t h e  c o s t  
o f  a c h i e v i n g  a  s p e c i f i e d  w a t e r  qual i t y  goal  i s  m in im ized .  The waste  d i s -  
chargers  a r e  assumed t o  l i e  i n  a  1  i n e a r  c o n f i g u r a t i o n  a1 ong ( o r  on b o t h  
s i d e s  o f )  t h e  r i v e r  and severa l  o t h e r  r e g i o n a l  i z a t i o n  r e s t r i c t i o n s  a re  
imposed. Treatment p l a n t  and p i p i n g  cos ts  as f u n c t i o n s  o f  w a s t e f l  ow can 
b e  o f  any fo rm and may i n c l u d e  f i x e d  cos ts .  The model i s  s o l v e d  b y  u s i n g  
a  dua l  approach t o  n o n l i n e a r  programming and i s  a p p l i e d  t o  da ta  f rom t h e  
Del aware Es tuary .  The r e s u l  t s  compare f a v o r a b l y  w i t h  p r e v i o u s  r e g i o n a l  i- 
z a t  i on s  chemes . 
The model i s  extended t o  c o n s i d e r  branched systems and t h e  use 
o f  bypass p i p i n g .  Two a d d i t i o n a l  minimum c o s t ,  r e g i o n a l  wastewater t r e a t -  
ment models a r e  developed; one which f i n d s  t h e  r e g i o n a l  t r e a t m e n t  f a c i l i t y  
p a t t e r n  when degree o f  t r e a t m e n t  i s  f i x e d  and ano ther  which f i n d s  t h e  
r e g i o n a l  f a c i l i t y  p a t t e r n  and u n i f o r m  l e v e l  o f  t r e a t m e n t  f o r  a l l  f a c i l i t i e s  
s o  t h a t  a  wa te r  qual  i t y  goal i s  met. 
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CHAPTER. 1. INTRODUCTION 
1.1 P re l  im ina r i es  
The commitment o f  our n a t i o n  t o  improv ing the q u a l i t y  o f  ou r  r i v e r s ,  
lakes, and streams i s  ev i den t  i n  the  huge expendi tures,  bo th  pub1 i c  and 
p r i v a t e ,  made f o r  p o l l u t i o n  c o n t r o l  a c t i v i t i e s .  To insure  t h a t  our  
resources a r e  d i r e c t e d  most e f f i c i e n t l y  i n  t h i s  e f f o r t ,  a  sound program 
o f  p l a n n i n g  o f  p o l l u t i o n  c o n t r o l  p r o j e c t s  i s  requ i red .  I n  i t s  guide1 ines 
f o r  water  q u a l i t y  management, t he  U.S. Environmental  P r o t e c t i o n  Agency 
(1971) r equ i r es  t h a t  t h i s  p l ann ing  be done on a  reg iona l ,  basin-wide 
bas is  w i t h  the goal  o f  maximum cos t  e f f e c t i v e n e s s  i n  meet ing des i r ed  
o b j e c t i v e s .  
Th is  goal  o f  c o s t  e f f e c t i v e n e s s  has l e d  t o  the development o f  
mathematical  d e c i s i o n  models t o  a i d  the  b a s i n  p lanner  i n  s e l e c t i n g  the 
p roper  p o l l u t i o n  c o n t r o l  program f rom the  vast  number o f  a l t e r n a t i v e s  
a v a i l a b l e .  These models make many s i m p l i f y i n g  p h y s i c a l  and economic 
assumptions and a r e  bes t  viewed as i n f o r m a t i o n  generators  o r  sc reen ing  
dev ices i n  t he  p l ann ing  process. T y p i c a l l y ,  t hey  determine the amount o f  
waste r e d u c t i o n  each p o i n t  d i s cha rge r  shou ld  p rov i de  so t h a t  a  s p e c i f i e d  
water  qua1 i t y  can be mainta ined a t  minimum cos t .  D i f f e r e n t  e f f l u e n t  
d ischarge  c o n t r o l  p o l i c i e s ,  such as u n i f o r m  t reatment ,  zoned un i f o rm  
treatment,  and e f f l u e n t  charges can be examined. A  c r i t i c a l  rev iew o f  
some o f  these models i s  g i ven  i n  E n v i r o  Cont ro l ,  Inc .  (1971). 
As an  a d d i t i o n a l  a l t e r n a t i v e  t o  p o l l u t i o n  r e d u c t i o n  a t  i t s  source 
the  use o f  r eg iona l  t reatment  f a c i l  i t i e s  can r e s u l t  i n  p o t e n t i a l  c o s t  
savings. Th is  i s  because t he re  a r e  economies o f  s ca le  i n  the  cos t s  o f  
b u i l d i n g  and o p e r a t i n g  wastewater t rea tment  f a c i l i t i e s .  However, t he re  
a r e  two a d d i t i o n a l  c o s t s  which may o f f s e t  these savings. One i s  t h e  cos t  
o f  p i p i n g  t o  t h e  r eg iona l  f a c i l i t y ;  t h e  o the r  i s  t h e  p o s s i b l e  cos t  o f  
hav ing  t o  p rov i de  h i ghe r  l e v e l s  o f  t rea tment  a t  t h e  r eg iona l  f a c i l i t y .  
Th is  may be necessary because w i t h  r eg iona l  i z a t  i o n  more waste i s  
concen t ra ted  ,and re leased a t  a  g i ven  p o i n t  on the r i v e r ,  imposing g r e a t e r  
s t r e s s  on water  q u a l i t y .  The economies o f  sca le  a l s o  present  problems i n  
f i n d i n g  g l o b a l l y  optimum s o l u t i o l i s  s ince  they lead t o  nonconvex f u n c t i o n s .  
If f i x e d  c o s t s  f o r  es - t ab l i sh i ng  t rea tment  p l a n t s  and p i p e l i n e s  a r e  t o  be 
considered, t h e  problem i s  made more d i f f i c u l t .  
Conceptua l ly  t h e r e  a r e  two se t s  o f  dec i s i ons  t o  be made i n  c o n s t r u c t i n g  
a  water  q u a l i t y  management d e c i s i o n  model wh ich  cons iders  r e g i o n a l i z a t i o n .  
The f i r s t ,  wh ich  may be termed the  f a c i l i t y  l o c a t i o n  dec is ions ,  determines 
where reg iona l  t rea tment  f a c i l i t i e s  a r e  t o  be b u i l t  and t he  assignment o f  
waste sources t o  them. Here t h e  cos t  t r adeo f f s  between economies of sca le  
and p i p i n g  cane i n t o  p l a y .  The second, which can be c a l l e d  t h e  degree 
of t rea tment  dec is ions ,  determines what degree o f  waste r e d u c t i o n  each 
f a c i l i t y  ( reg iona l  and nonreg iona l )  should  p rov i de  so t h a t  a  g i ven  water  
qua1 i t y  i s  ma in ta ined .  Here t h e  cos t  t r a d e o f f s  a r e  between t h e  econolnies 
o f  sca le  and t he  requ i r ed  t reatment  l e v e l .  The op t ima l  se t s  o f  dec i s i ons  
a r e  t h e  ones which min imize t o t a l  cos t .  Note t h a t  t h e  two  se t s  a r e  no t  
independent of each o the r  s ince  t h e  regiona 1 i z a t  i o n  pa . t te rn  f roln t h e  
f a c i l i t y  l o c a t i o n  dec i s i ons  p rov ides  t h e  i npu t  f o r  t h e  degree o f  
t rea tment  dec i s i ons .  
I t  i s  t h e  purpose of t h i s  study t o  combine t he  above cons ide ra t i ons  
i n t o  a  mathematical  d e c i s i o n  model, t h e  s o l u t i o n  o f  which y i e l d s  t h e  
minimum cos t  r e g i o n a l i z e d  waste t reatment  p l an  f o r  a  r i v e r  w i t h  a  s p e c i f i e d  
water  q u a l l t y  goal .  I n  add i t i on ,  t he  model w i l l  be eva lua ted  f o r  i t s  
u t i l i t y  i n  r i v e r  bas in  p lanning.  
1.2 L i t e r a t u r e  Review 
Al though a  la rge  body o f  work i n  t h e  mathematical model ing o f  water 
q u a l i t y  management has been produced i n  t he  pas t  t e n  years, few q u a n t i t a t i v e  
s tud ies  have been made o f  t he  r e g i o n a l i z a t i o n  o f  wastewater t reatment  
f a c i l i t i e s .  One type  o f  f o r m u l a t i o n  o f  the  r e g i o n a l i z a t i o n  prob lem ignores 
t he  q u e s t i o n  o f  r e c e i v i n g  stream q u a l i t y  and cen te rs  on t he  f a c i l i t y  
l o c a t i o n  dec i s i ons ;  t h a t  is,  on f i n d i n g  t he  number and l o c a t i o n  o f  r eg iona l  
p l a n t s  and the  assignment o f  waste sources t o  t he  p l a n t s  so t h a t  t o t a l  cos t  
i s  minimized, under an assumption about r equ i red  degree o f  t reatment .  Even 
though t he  present  work wi 11 go beyond t h i s  t o  cons ider  water  qua1 i t y ,  t h i s  
f o r m u l a t i o n  i s  o f  i n t e r e s t  because i t  serves as a  subproblem which i s  so lved 
repea ted l y  i n  t he  s o l u t i o n  method t o  be descr ibed  l a t e r  on. What f o l l o w s  
i s  a  rev iew o f  some o f  t he  approaches taken t o  s o l v i n g  t h i s  more r e s t r i c t e d  
prob 1 em. 
The assumptions made a re  t h a t  t he  l o c a t i o n  o f  sources and t h e i r  waste 
f l ows  a re  f i x e d  i n  advance as a re  the reg iona l  t reatment  p l a n t  l oca t i ons  
and t he  a l l owab le  p i p e l i n e  routes. The cos ts  o f  t rea tment  p l a n t s  and 
p i p e l i n e s  a re  f u n c t i o n s  o n l y  o f  waste f l o w  handled and e x h i b i t  economies 
o f  sca le .  Th is  imp l i es  c o n c a v i t y  when t he  f unc t i ons  a re  cont inuous.  
De in inger  and Su (1971) used t he  f a c t  t h a t  s ince  t he  c o s t  f unc t i ons  a r e  
concave t he  optimum s o l u t i o n  must occur a t  an extreme p o i n t  o f  the c o n s t r a i n t  
s e t  (which i s  1 i near ) .  Using a  p iecewise 1 i near  approx imat ion o f  t he  c o s t  
f unc t i ons  and an a l g o r  i thm t h a t  ranks t he  extreme po in t s ,  t hey  so lved  a  
h y p o t h e t i c a l  problem w i t h  seven waste sources loca ted  on a  s  i n g l e  branched 
network c o n f i g u r a t i o n .  S o l u t i o n  t ime was about 5 seconds on an I B M  360/67. 
Bhal l a  and R i  kkers (1971) presented a  h e u r i s t i c  technique f o r  s o l v i n g  
the  reg iona l  p l a n t  l o c a t i o n  problem as p a r t  o f  an e f f o r t  t o  p l a n  the  
c a p a c i t y  expansion o f  r eg iona l  systems. A t  each s tage i n  t h e i r  a lgo r i thm,  
the  f a c i l i t y  which can serve a l l  unassigned sources most cheap ly  i s  
i d e n t i f i e d .  Then f o r  each l o c a t i o n  where no f a c i l  i t y  c u r r e n t l y  e x i s t s ,  
t he  subset o f  the unassigned sources which presents  t h e  most savings when 
served by  a  f a c i l i t y  a t  t h i s  l o c a t i o n  i s  found. The l o c a t i o n  (and 
correspond i ng ass igned sources) w i t h  t he  g r e a t e s t  sav ings i s  added t o  
the s o l u t i o n  and the process i s  repeated. A d d i t i o n a l  r u l e s  a re  g i ven  
f o r  d ropp ing  f a c i  1 i t i e s  f r ~ m  the s o l u t i o n  and sending t h e i r  sources 
elsewhere. 
Another h e u r i s t i c  was proposed by  McConagha and Converse (1973). 
Feas ib le  s o l u t i o n s  a re  success i ve l y  improved by search ing  f o r  the l e a s t  
c o s t l y  o p t i o n  a v a i l a b l e  t o  each source, one a t  a  t ime ( i .e . ,  t r e a t  t he  
source p l us  accumulated p i p e d - i n  waste, send i t  t o  another  l oca t i on ,  o r  
keep the  e x i s t i n g  s o l u t i o n ) .  An op t ima l  s o l u t i o n  was a c t u a l l y  ob ta ined  
f o r  a l l  problems tested.  The s o l u t i o n  o f  the De in inger  and Su example 
was found i n  10 percent  o f  the t ime requ i r ed  by the De in inger  and Su 
a  1 gor i thm. 
Meier (1971) proposed a  branch and bound procedure which he c la ims  
ob ta ined  op t ima l  s o l u t i o n s .  A branching occurs a t  some source k  i n  the  
s e t  o f  sources no t  y e t  assigned t o  t rea tment  f a c i l i t i e s .  One reg iona l  
f a c i l i t y  w i l l  be added f o r  the sources i n  t h i s  se t .  The branches 
correspond t o  the dec is ions  t o  b u i l d  t he  r eg iona l  p l a n t  a t  k, b u i l d  a  
nonreg jonal  p l a n t  a t  k  o r  b u i l d  no p l a n t  a t  k  w i t h  the r eg iona l  p l a n t  
b u i l t  somewhere e l se .  The l e a s t  cos t  assignment o f  sources f o r  each 
case i s  found byenumera t ion .  I f  the  lowest cos t  d e c i s i o n  invo lves  
b u i l d i n g  a p l a n t  a t  k, then k and sources assigned t o  i t  a r e  added t o  
the  s o l u t i o n .  The second lowest c o s t  i s  used as a bound t o  c u t  o f f  
f u r t h e r  branching. A 10 source problem was so lved on an I B M  360/85 i n  
about 10 seconds. 
Converse (1972) t r e a t e d  a more s imp1 i f  ied  v e r s i o n  o f  t he  
r e g i o n a l i z a t i o n  problem i n  t h a t  t he  sources a re  assumed t o  l i e  i n  a 
1 inear  conf  i g u r a t  ion. A dynamic programming procedure was used where 
t he  stages a re  the  number o f  p l a n t s  b u i l t ,  the  dec is ions  a re  where t o  
add an a d d i t i o n a l  p l a n t  between a group o f  consecut i ve  sources (f.ound 
by enumeration) and the  s t a t e  i s  t he  number o f  source l o c a t  ions away 
f rom the  l a s t  source. An a d d i t i o n a l  computat ion op t im izes  the t r a d e o f f  
between pumping head and sewer diameter so t h a t  v e l o c i t y  c o n s t r a i n t s  
are met i n  a l l  p i p e l i n e s .  An 18 source example based on da ta  f rom the  
Merrimack R i ve r  bas i n  was so lved i n  15.4 seconds ( t he  computer used was 
no t  s t a t e d ) .  I n  Sec t ion  4.4 o f  the  p resen t  s tudy  an a l t e r n a t i v e  dynamic 
programming f o r m u l a t i o n  o f  t h i s  problem i s  given. 
Waniel i s  t a  and Bauer (1972) and Joeres e t  a1 . (1974) fo rmu la ted  a 
r e g i o n a l i z a t i o n  problem where a l i m i t  i s  p laced on t he  q u a n t i t y  o f  f l o w  
(but no t  the  mass o f  po l  l u t a n t )  which can be d ischarged a t  any p l a n t  
l o c a t i o n .  A network o f  a l l owab le  p i p i n g  connect ions between sources and 
f a c i l i t i e s  i s  es tab l i shed  and a l l  cos t  f unc t i ons  a re  made p iecewise 
l i n e a r  w i t h  f i x e d  cos ts .  The r e s u l t i n g  mixed 0-1 i n tege r  program i s  
so lved  t o  f i n d  the  minimum cos t  p a t t e r n  o f  t reatment  f a c i l i t i e s  and 
source assignments. I n  an a p p l i c a t i o n  t o  da ta  from the  L i t t l e  Econ 
Rive r  basin,  Wan ie l i s t a  and Bauer (1972) so lved  a  12 node, 19 a r c  
network prob lem i n  0.36 minutes (computer no t  s p e c i f  i ed ) .  Joeres e t  a l .  
(1974) so lved  a  problem w i t h  12 poss ib l e  t reatment  p l a n t s  and 2 0  p o s s i b l e  
p i p e l i n e  routes i n  14.4 minutes on a  Univac 1108. 
A  second type o f  research i n v e s t i g a t e s  the e f f e c t s  o f  p resc r i bed  
reg iona l  i z a t i o n  pa t t e rns  and t reatment  l e v e l s  on water  qual  i t y .  Yao 
(1973) s imu la ted  the e f f e c t  on s t ream d i sso l ved  oxygen due t o  severa l  
r e g i o n a l  i z a t  i o n  and BOD removal schemes f o r  a  p o r t  i on  o f  the Connect icut  
R i ve r  bas in .  He noted t h a t  w i t h  secondary t reatment  a  c e n t r a l i z e d  
f a c i l i t y  on the main stem would r e s u l t  i n  b e t t e r  water  q u a l i t y  than  a  
d e c e n t r a l i z e d  system due t o  t he  l a r g e r  d i l u t i o n  f l o w  a v a i l a b l e  a long  the 
mai n  stem. Adams and Gemmel 1 (1973) used a  d e t e r m i n i s t i c  and s t o c h a s t i c  
s i m u l a t i o n  t o  observe the e f f e c t s  o f  d e c e n t r a l i z i n g  t reatment  p l a n t  BOD 
d ischarges on s t ream d i sso l ved  oxygen. A  h y p o t h e t i c a l  r i v e r  was used 
w i t h  "nominal" values f o r  i t s  parameters and the t rea tment  p l a n t s  were 
d i s t r i b u t e d  u n i f o r m l y  over i t s  leng th .  The r e s u l t s  f rom the  d e t e r m i n i s t i c  
a n a l y s i s  showed t h a t  the  minimum d i sso l ved  oxygen i n  the  s t ream improved 
w i t h  i nc reas ing  d i sagg rega t i on  up t o  about 8  p l a n t s  a f t e r  which improve- 
ment was negl i g i b l e .  The s t o c h a s t i c  ana l ys i s  cons idered t he  impor tant  
ques t i on  o f  the e f f e c t  o f  e f f l u e n t  v a r i a b i l i t y  f rom t rea tment  p l a n t s  on 
water qual  i t y .  The var iance  i n  e f f l u e n t  qual  i t y  was i n v e r s e l y  r e l a t e d  
t o  p l a n t  s i ze .  As expected, the minimum oxygen l e v e l s  were lower and 
occurred more f requen t  1 y  f o r  the  h igh1 y  r eg iona l  ized sys tem. 
The t h i r d  type o f  s t udy  cons iders  bo th  the f a c i l i t y  l o c a t i o n  dec is ions  
and the  degree o f  t reatment  dec is ions  i n  f i n d i n g  t he  minimum c o s t  
r eg iona l  i zed  waste t reatment  p l a n  t o  meet qual  i t y  standards.  Water 
qual  i t y  i s  measured by  d i sso l ved  oxygen, and waste reduc t  i o n  by  
BOD removed. The present research fa1  1s i n  t h i s  category. Haimes e t  a l .  
(1972) presented a  model which considers a  s i n g l e  regional  p l a n t  l o c a t i o n  
and determines which waste sources s h i p  t o  the  regional  p l a n t  and the 
degree o f  BOD reduct ion  requi red by a1 1 p lan ts  so t h a t  a  s p e c i f i e d  
d isso lved oxygen standard i s  met a t  minimum cost .  The ac tua l  problem 
contex t  i s  one o f  f i n d i n g  the p o l l u t i o n  t a x a t i o n  scheme which achieves 
the above. The fo rmula t ion  i s  a  mixed 0,l nonl inear  program. I t  i s  
solved by forming a  Lagrangian w i t h  respect t o  the water q u a l i t y  
cons t ra in t s  and then searching f o r  a  saddle p o i n t  f o r  t h i s  Lagrangian. 
The model was app l ied  t o  data from the Miami River  basin. There were 
15 sources and 27 r i v e r  reaches considered. An opt imal s o l u t i o n  which 
c a l l e d  f o r  combining 12 o f  the sources a t  the reg iona l  p l a n t  was obtained 
i n  33 seconds on a  Univac 1 108. This gave a  savings o f  $2305 per  day i n  
comparison t o  the l eas t  cos t  at-source ( n ~ n r e ~ i o n a l i z e d )  treatment 
so lu t i on .  The p o s s i b i l i t y  o f  no Lagrangian saddle p o i n t  e x i s t i n g  was 
not considered i n  the paper and i s  explored more thoroughly i n  the 
present work. 
Whi t la tch  (1973) a1 lows f o r  more than one regional  p l a n t  bu t  assumes 
t h a t  the se t  o f  sources and regional  p l a n t  loca t ions  (which may co inc ide)  
l i e s  i n  a  l i n e a r  c o n f i g u r a t i o n  along the r i v e r .  Sources are  al lowed t o  
p ipe  around a  l i m i t e d  number of  others t o  reach reg iona l  p lan ts  bu t  cannot 
s p l i t  t h e i r  f l o w  between d i f f e r e n t  treatment p lan ts .  Treatment costs 
w i t h  respect t o  p l a n t  s i ze  and p i p i n g  costs can be o f  any form wh i l e  
treatment costs w i t h  respect t o  BOD removed must be convex. A two-phase 
h e u r i s t i c  procedure i s  g iven which seeks t o  f i n d  the reg iona l  i z a t i o n  
p a t t e r n  and necessary degree o f  treatment t o  meet a  d isso lved oxygen 
goal  a t  min imumcost .  I n  Phase I, BOD removal e f f i c i e n c i e s  a re  f i x e d  
a t  85 percent .  A l l o w i n g  p i p i n g  i n  o n l y  one d i r e c t i o n ,  two dynamic 
programs a r e  so lved  (one f o r  p i p i n g  upstream and another  f o r  p i p i n g  
downstream) t o  o b t a i n  the  optimum r e g i o n a l i z a t i o n  p a t t e r n  under t h i s  
r e s t r i c t i o n .  Then by  a  s e t  o f  h e u r i s t i c  r u l e s  these s o l u t i o n s  a r e  
combined and s u c c e s s i ~ e l y  mod i f i ed  so t h a t  r e d u c t i o n  i n  cos t s  i s  always 
ob ta ined .  I n  t he  Phase I 1  c a l c u l a t i o n s  each reg iona l  i z a t  i o n  mod i f  i c a t  i o n  
i s  accompanied by  a  l i n e a r  programming c a l c u l a t i o n  o f  t he  minimum c o s t  
degree o f  t reatment  t o  meet the oxygen standards.  The approach was 
a p p l i e d  t o  da ta  f r om  the  Delaware Estuary .  The 72 m i l e s  o f  r i v e r  had 
22 domest ic waste d ischarges which were a l lowed t o  r e g i o n a l i z e  a t  9  
p o t e n t i a l  l o ca t i ons  and i n  a d d i t i o n  t he re  were 22 i n d u s t r i a l  p o l l u t e r s  
whose op t ima l  degree o f  BOD removal was a l s o  t o  be determined. To meet 
a  d i sso l ved  oxygen goal  o f  3 mg/R w i t h  r equ i r ed  p r ima ry  t reatment ,  t he  
r esu l  t s  showed t h a t  the reg  iona 1 i zed  s o l  u t  i o n  was 35 percen t  cheaper than  
t he  a t -source  s o l u t i o n .  To ta l  s o l u t i o n  t ime was 15.9 minutes on  an 
IBM 360/91. 
The most comprehensive o p t i m i z a t i o n  models developed t o  da te  i n  t h i s  
area a r e  those o f  Graves e t  a l .  (1970, 1971) and P ing ry  and Whinston 
(1973, 1974). A  p o t e n t i a l  network o f  p i p i n g  between waste sources, 
r eg iona l  t reatment  p l a n t s  and r i v e r  reaches i s  s p e c i f i e d  and t he  op t ima l  
waste f l o w  assignment through t h i s  network p l us  the  l e v e l  o f  BOD removal 
a t  each t reatment  p l a n t  i s  determined so t h a t  a  d i sso l ved  oxygen s tandard 
i s  met. S p l i t  f l ows  and bypass p i p i n g  o f  waste d ischarges t o  o t h e r  
reaches a re  allowed. However, a1 1 c o s t  f unc t i ons  must be cont inuous.  
T rea t ,mn t  p l a n t  cos ts  a re  non l i nea r  f u n c t i o n s  o f  the s i z e  o f  the  p l a n t  
and percen t  of BOD removed, w h i l e  p i p i n g  cos t s  a r e  f u n c t i o n s  o f  f l ow.  
Conservat ion o f  f l o w  and BOD around each node o f  the p i p i n g  network 
leads t o  a  s e t  o f  l i n e a r  e q u a l i t y  c o n s t r a i n t s .  
I n  Graves e t  a l .  (1970) the  Thomann (1972) BOD-DO model f o r  
segmented e s t u a r i e s  i s  used t o  c o n s t r u c t  q u a l i t y  c o n s t r a i n t s .  A l though 
t he  o r i g i n a l  model i s  l i n e a r  i n  amount o f  BOD d ischarged t o  a  g i ven  
reach, express ing  t h i s  q u a n t i t y  i n  terms o f  t he  network f l o w  and BOD 
removal leads t o  a  non l i nea r  s e t  o f  i n e q u a l i t i e s .  I n  Graves e t  a l .  (1971) 
t he  St reeter -Phelps equat ions a r e  a p p l i e d  s e q u e n t i a l l y  over  each r i v e r  
reach t o  c o n s t r a i n  d i sso l ved  oxygen d e f i c i t .  N o n l i n e a r i t i e s  a r e  
in t roduced  i n  express ing  BOD d ischarged as descr ibed  above and i n  
c o n s i d e r i n g  t ime o f  f l o w  and the  r e a e r a t i o n  c o e f f i c i e n t  t o  be non l i nea r  
f u n c t i o n s  o f  r i v e r  f l o w  which i s  i t s e l f  a  f u n c t i o n  o f  r eg iona l  p l a n t  
waste f l o w  d ischarges.  Th is  type o f  t rea tment  a1 lows f l o w  augmentat ion 
t o  be cons idered as another  d e c i s i o n  a l t e r n a t i v e .  I n  P ing ry  and Whinston 
(1973, 1974), the e f f e c t  o f  heated e f f l u e n t  d ischarges on t he  r i v e r  
temperature and d i sso l ved  oxygen i s  added t o  the  problem. The use o f  
c o o l i n g  towers i s  in t roduced as a  d e c i s i o n  a l t e r n a t i v e  f o r  c o n t r o l l i n g  
t h i s  e f f e c t .  
A l l  o f  the  above non l i nea r  p r o g r a m i n g  models a re  so lved  us i ng  
a  l i n e a r i z a t i o n  a l g o r i t h m  based on the  f e a s i b l e  d i r e c t i o n s  approach. 
From a  g i v e n  s o l u t i o n  a  d i r e c t i o n  o f  search i s  found by  s o l v i n g  a  l i n e a r  
program d e r i v e d  f rom a  f i r s  t o rde r  Tay lo r  Ser ies  expans ion. The s tep  
s  i z e  f o r  t h i s  d  i r e c t  i o n  i s  then chosen f r om quad ra t i c  approximat ions 
so  as t o  g i v e  the  g rea tes t  improvement w h i l e  m a i n t a i n i n g  f e a s i b i l i t y .  
Notable f ea tu res  o f  t h i s  a l g o r i t h m  i nc l ude  paramet r i c  adjustments o f  
t h e  e r r o r  t e rm  i n  the  Tay lo r  s e r i e s  expansion t o  ma in ta i n  cons i s t ency  
i n  t h e  l i n e a r  program and insure  a  g a i n  i n  the op t im i za t i on ,  and the  
use o f  p r i o r i t y  c lasses  of  va r i ab l es  (a fo rm o f  r e s t r f c t i o n  s t r a t e g y )  
t o  reduce computat iona l  e f f o r t .  For nonconvex problems o n l y  l o c a l  
op t ima l  i t y  can be guaranteed. 
The model fo rmu la ted  i n  Graves e t  a1 . (1970) was appl  i e d  t o  the  
Delaware Es tuary  problem descr ibed above. P ip i ng  was a l lowed between 
each o f  t he  22 domest ic waste sources and the  9  r eg iona l  t rea tment  p l a n t  
l o c a t i o n s  except  where the  r i v e r  would be crossed and between each o f  
the  44 t o t a l  sources and each o f  t he  30 e s t u a r y  reaches. The r e s u l t i n g  
program had over  2,000 va r i ab l es  and 80 c o n s t r a i n t s .  The s o l u t i o n  f o r  
an oxygen goal  o f  3 mg/A and no requirement o f  p r ima ry  t reatment  u t i l i z e d  
3 r e g i o n a l  p l a n t s  s e r v i n g  a  t o t a l  o f  10 sources and bypass p i p i n g  by  2  
6  i n d u s t r i a l  sources. The op t ima l  c o s t  was $2.292 x  10 per  year  as com- 
6  pared w i t h  $4.1 x  10 per  year f o r  t h e  l e a s t  c o s t  a t -source  t reatment  
s o l u t i o n .  S o l u t i o n  t ime was about 10 minutes (computer no t  s p e c i f i e d ) .  
The models i n  Graves e t  a l .  (1971) and P ing ry  and Whinston (1973, 
1974) were a p p l i e d  t o  t he  West Fork  White River .  There were 11 waste 
sources and 46 r i v e r  sec t i ons  i n  t he  a n a l y s i s  made by  Graves e t  a l .  
(1971). Regional  p l a n t  l o c a t i o n s  corresponded t o  each r i v e r  sec t i on .  
Each source cou ld  p i p e  t o  any l o c a t i o n  w i t h i n  25 r i v e r  sec t i ons  up o r  
down r i v e r .  There was a  p o t e n t i a l  r e s e r v o i r  a v a i l a b l e  t o  p rov i de  f l o w  
augmentation. A D O  goal  of 5  mg/A i n  a l l  reaches was sought w i t h  a  
minimum o f  85 percent  BOD removal r e q u i r e d  a t  a l l  p l a n t s .  The r e s u l t i n g  
program had 1880 v a r i a b l e s  and 138 c o n s t r a i n t s .  The s o l u t i o n  used 3 
r eg iona l  p l a n t s  p a r t l y  se r v i ng  a  t o t a l  of 7 sources and employed 100 c f s  
of augmentat ion.  I t s  c o s t  i s  h a l f  a  m i l  1 i o n  d o l l a r s  cheaper than a  
p o l  i c y  of u n i f o r m  98 percent  removal, which would no t  be s u f f i c i e n t  t o  
meet t h e  standard.  
For  t h e  P ingry  and Whinston (1973, 1974) s tudy t h e r e  were 13 BOD 
sources, 3 waste heat sources, and 62 r i v e r  sec t i ons .  Four d i f f e r e n t  
DO goa l s  were used. A1 1 s o l u t i o n s  employed one reg iona l  p l a n t  se r v i ng  
2  sources, no  f l o w  augmentat ion and a  c o o l i n g  tower a t  one o f  t h e  thermal 
p o l l u t i o n  sources. 
An a l t e r n a t e  f o r m u l a t i o n  g i v e n  i n  Graves (1972) p a r a l l e l s  t he  0-1 
mixed i n t e g e r  approach o f  Waniel i s ta  and Bauer (1 972) and Joeres, e t  a1 . 
(1 974) descr ibed  above. Ins tead  o f  c o n s t r a i n t s  on t h e  amount o f  f l o w  
wh ich  can be d ischarged f rom any l o c a t i o n ,  t h e  D O  c o n s t r a i n t s  as g iven  
i n  Graves e t  a1 . (1970) a r e  used. A1 1 cos t s  c o n s i s t  o f  a  f i x e d  p o r t i o n  
and a  l i n e a r  v a r i a b l e  p o r t i o n .  A  s o l u t i o n  a l g o r i t h m  i s  suggested For t he  
r e s u l t i n g  mixed i n t e g e r  program based on a  gene ra l i zed  Bender 's decomposi t ion 
No numer ica l  a p p l i c a t i o n s  a r e  g iven .  
1.3 Ob jec t i ves  
The above l i t e r a t u r e  rev iew i n d i c a t e s  t h a t  t h e  problem o f  de te rmin ing  
t h e  l e a s t  c o s t  r e g i o n a l i z e d  waste t reatment  p l a n  t o  meet a  water  q u a l i t y  
goal  f o r  a r i v e r  i s  no t  w e l l  so lved.  O f  t h e  two e x i s t i n g  models a c t u a l l y  
a p p l i e d  t o  problems w i t h  more than one reg iona l  f a c i l i t y ,  one p resen ts  
on l y  a  h e u r i s t i c  s o l u t i o n  technique w h i l e  t he  o the r  p rov ides  a  l o c a l  
optimum f i n d i n g  technique which requ i r es  cont inuous cos t  f unc t i ons  ( i .e . ,  
no f i x e d  c o s t s ) .  Both models r e q u i r e  leng thy  s o l u t i o n  t imes  f o r  problems 
w i t h  o n l y  a smal l  number o f  r eg i ona l  f a c i l i t y  l o ca t i ons .  
I t  i s  the o b j e c t i v e  o f  t h e  present  research t o  develop a  new 
mathematical  d e c i s i o n  model f o r  r e g i o n a l i z i n g  waste t reatment  e f f o r t s  
i n  a  r i v e r  b a s i n  sub jec t  t o  water  q u a l i t y  goa ls .  The o n l y  r e s t r i c t i o n  
p laced on t h e  form of t he  cos t  f u n c t i o n s  i s  t h a t  they be convex w i t h  
respec t  t o  degree of t rea tment ,  As shown above t h e r e  i s  cons iderab le  
d i f f i c u l t y  i n  s o l v i n g  the f a c i l i t y  l o c a t i o n  problem even when water  
q u a l i t y  i s  ignored. The approach t o  be taken  i n  t h i s  research i s  t o  
s i m p l i f y  some aspects  of t h e  l o c a t i o n  problem so t h a t  op t ima l  s o l u t i o n s  
can be ob ta ined  i n  a  manner s i m i l a r  t o  t h a t  i n  Converse (1972). The 
d e c i s i o n s  on t reatment  l e v e l s  f o r  each f a c i l i t y ,  which a r e  r e l a t e d  t o  
one ano ther  th rough  t he  wate r  q u a l i t y  c o n s t r a i n t s ,  a r e  decoupled so they 
can be examined independent ly .  The goal  i s  t o  produce a  s o l u t i o n  
a l g o r i t h m  t o  a  problem not  q u i t e  as general  i n  scope as, say, t he  Pingry 
and Whinston model b u t  one t h a t  s t i l l  has t he  a b i l i t y  t o  cons ider  a  l a r g e  
number o f  r eg i ona l  arrangements and f i n d  t h e  g l o b a l l y  optimum one i n  a  
reasonable amount o f  t ime.  I n  a d d i t  ion,  as improved techniques a r e  
developed f o r  s o l v i n g  the more genera l  l o c a t i o n  problem t h e  methodology 
developed h e r e i n  can be r e a d i l y  a p p l i e d  so t h a t  a  more comprehensive 
model can be cons t ruc ted .  
The model w i l l  be eva lua ted  f o r  i t s  e f f e c t i v e n e s s  as  a  t o o l  i n  r i v e r  
bas in  p l ann ing .  I t  w i l l  be a p p l i e d  t o  data f rom the  Delaware Estuary  and 
t he  r e s u l t s  w i  1 1  be compared w i t h  p rev ious  work. I t s  behav io r  under 
v a r i e d  i npu t s  w i l l  a l s o  be examined. I n  a d d i t i o n  i t  w i l l  be shown how 
the  model can be extended so t h a t  severa l  o f  i t s  s i m p l i f y i n g  assumptions 
can be dropped and so t h a t  o t h e r  d e c i s i o n  problems i n  r e g i o n a l  waste 
t rea tment  f a c i l i t y  p lann ing  can be solved. 
CHAPTER 2. MODEL FORMULATION 
2.1 Problem Statement and Assumptions 
The prob lem under c o n s i d e r a t i o n  i s  how a  group o f  waste d ischargers  
a long  a  r i v e r  should  p l a n  and c o n s t r u c t  a  r e g i o n a l i z e d  system o f  t rea tment  
f a c i l i t i e s  so t h a t  a  water  q u a l i t y  s tandard i s  met a t  minimum cos t .  To 
be decided a r e  the number and l o c a t i o n  o f  t reatment  p l an t s ,  the  assignment 
o f  waste sources t o  each p l a n t ,  and the l e v e l  o f  t reatment  t o  be p rov ided  
by each p l a n t .  The t o t a l  cos t  o f  the system as we1 1 as the r e s u l t i n g  
wa te r  qua1 i t y  a r e  r e l a t e d  t o  these dec i s i ons .  
There a r e  two con tex t s  i n  which the  prob lem can be viewed. The f i r s t  
ignores a l l  c u r r e n t  t reatment  and assumes t h a t  f a c i l i t i e s  a r e  b u i l t  f rom 
the  ground up. Th is  con tex t  would p robab l y  be most s u i t a b l e  f o r  long range 
s tud ies .  The second cons iders  what a d d i t i o n a l  l e v e l  o f  t reatment  should  be 
g i v e n  above t h a t  a l r e a d y  be ing  prov ided.  A d i f f e r e n t  s e t  o f  t rea tment  cos ts  
would be assoc ia ted  w i t h  each con tex t .  
I n  o rde r  t o  conver t  t h i s  r a t h e r  genera l  problem sta tement  i n t o  a  
p r e c i s e  mathematical  programming model which can be e f f i c i e n t l y  so lved  
seve ra l  assumptions wi  1 1  be made and some r e s t r i c t  ions added. A1 though 
water q u a l i t y  i s  measured by  a  number o f  phys i ca l ,  chemical ,  and b i o l o g i c a l  
cha rac te r  i s  t ics,  on1 y  the  carbonaceous b iochemica l  oxygen demand (BOD)  o f  
wastewater and i t s  e f f e c t  on s t ream d i sso l ved  oxygen (DO)  w i l l  be considered. 
D isso lved  oxygen has long  been recognized as a  measure o f  the  o v e r a l l  
"hea l th "  o f  a  stream. Adequate l e v e l s  o f  DO a r e  necessary t o  suppor t  the  
n a t u r a l  a q u a t i c  l i f e  i n  a  s t ream and t o  m a i n t a i n  a e s t h e t i c a l l y  p l e a s i n g  
cond i t i ons .  Mathematical  models which p r e d i c t  t he  e f f e c t  o f  BOD d ischarges 
on D O  (and thus determine the  a s s i m i l a t i v e  c a p a c i t y  o f  the  water )  have 
been developed and used f r e q u e n t l y  i n  water  qua1 i t y  management (S t ree te r  
and Phelps, 1925; Dobbins, 1964; O'Connor, 1960; and Thomann, 1972). 
Other wastewater c o n s t i t u e n t s  can be accounted f o r  by  f i x i n g  t h e i r  
a l l owab le  d ischarge  l e v e l s  i n  advance. The methodology presented could,  
o f  course, be used w i t h  any o the r  q u a l i t y  measure, or ,  a t  l e a s t  i n  theory,  
w i t h  any group o f  q u a l i t y  measures. 
F i gu re  2.1 shows an i d e a l i z e d  r i v e r  w i t h  N waste d ischargers ,  o r  
sources. By conven t ion  t hey  a r e  numbered s t a r t i n g  a t  t he  upstream source. 
I t  w i l l  be assumed t h a t  the sources l i e  i n  a  l i n e a r  c o n f i g u r a t i o n  down t he  
r i v e r  o r  t h a t  a  s i n g l e  p ipe1 ine  cou ld  be drawn which 1 inks t h e  f i r s t  source 
w i t h  t he  l a s t  and w i t h  a l l  those i n  between. Th is  assumption he lps  s i m p l i f y  
the p l a n t  l o c a t i o n  aspects o f  t he  problem and, i n  e f f e c t ,  r e s t r i c t s  , the 
model t o  unbranched r i v e r s .  For r i v e r s  w i t h  sharp bends some degree o f  
approx imat ion  may have t o  go i n t o  the  s e l e c t i o n  o f  t he  p i p e l i n e  route.  
For wide r i v e r s  where p i p i n g  across the r i v e r  may be p r o h i b i t i v e  the model 
can cons ider  two l i n e a r  source c o n f i g u r a t i o n s ,  one f o r  each side. 
Each waste source j produces a waste f l o w  o f  q  mgd and c u r r e n t l y  j 
discharges a BOD o f  s  lb/day. Depending on whether s  represents  the  j j 
source BOD o r  the  BOD a f t e r  some e x i s t i n g  l e v e l  o f  t rea tment  determines 
what con tex t  t h e  prob lem i s  viewed in .  Each source i s  cons idered as a 
p o t e n t i a l  l o c a t i o n  f o r  a  r eg iona l  p l a n t .  A d d i t i o n a l  l o c a t i o n s  can be 
added b y  us i ng  dummy sources w i t h  ze ro  waste load ings.  Th is  a l l ows  f o r  
a  l a r g e  number o f  poss ib l e  r eg iona l  p l a n t  l o c a t i o n s  a long t he  r i v e r  so 
t h a t  chances o f  reduc ing  cos t s  a r e  increased. The r i v e r  i s  d i v i d e d  i n t o  
M reaches. Phys ica l  parameters a r e  assumed cons tan t  w i t h i n  each reach. 

The minimum amount o f  DO improvement which must be a t t a i n e d  f o r  each 
reach, Aci (mg/L), i s  the  d i f f e r e n c e  between t he  e x i s t i n g  D O  and the  DO 
c a l l e d  f o r  i n  t he  water  q u a l i t y  s tandard.  More w i l l  be s a i d  about t h i s  
l a t e r .  A 1  1 waste loads and r i v e r  parameters represen t  s teady s t a t e  
values a t  some t ime. 
To f u r t h e r  s i m p l i f y  the  l o c a t i o n a l  aspects o f  t h e  prob lem the  
f o l l o w i n g  r e g i o n a l i z a t i o n  r e s t r i c t i o n s  a r e  made: ( 1 )  Bypassing o f  sources 
i s  no t  al lowed, e.g., i f  source j i s  t o  p i p e  i t s  waste t o  source j + 2  
then  i t  must pass through source j + 1 and t he  combined waste o f  bo th  i s  
p iped  t o  j + 2; (2) I f  a  t reatment  p l a n t  i s  t o  be b u i l t  a t  a  g i ven  
l o c a t i o n  i t  must be a t  l e a s t  as l a r g e  as the  waste f l o w  p iped  i n t o  i t . 
To demonstrate the  meaning o f  these r e s t r i c t i o n s  Fig.  2.2a shows a  prob lem 
w i t h  f o u r  waste sources whose f l o w  and BOD loadings a re  as shown. F igure  
2.2b shows a  f e a s i b l e  r eg iona l  c o n f i g u r a t i o n .  Note t h a t  a t  l o c a t i o n  2  the  
s i z e  o f  the  p l a n t  i s  g r e a t e r  than  the f l o w  p iped  i n t o  i t  and t h a t  source 2  
i s  a b l e  t o  s p l i t  i t s  f l o w  between l o c a t i o n s  2  and 3.  F igures  2 . 2 ~  and 
2.2d show i n f e a s i b l e  reg iona l  c o n f i g u r a t i o n s  s i nce  they  v i o l a t e  r e s t r i c t i o n s  
( 1 )  and (2) r e s p e c t i v e l y .  
No t i ce  t h a t  under these r e s t r i c t i o n s  i t  i s  p o s s i b l e  t o  ge t  a  r eg iona l  
t rea tment  scheme where the f l o w  p iped  i n t o  a  l o c a t i o n  i s  t r e a t e d  t h e r e  
w h i l e  t h e  source f l o w  o f  t h a t  l o c a t i o n  i s  p iped  somewhere e lse .  For 
ins tance  i n  re fe rence  t o  F ig .  2.2 i t  i s  p o s s i b l e  f o r  sources 1 and 2  t o  
s h i p  t h e i r  wastes t o  source 3 where they  would be t r e a t e d  and re leased  
t o  the r i v e r  w h i l e  source 3 would s h i p  t o  source 4. I f  t h i s  seems t o  be 
an u n r e a l i s t i c  s i t u a t i o n  i t  can be i n t e r p r e t e d  as hav ing t he  waste o f  
sources 1 and 2  a c t u a l l y  t r e a t e d  a t  l o c a t i o n  2  and t hen  p i p i n g  the  
Flow, "DJ1b/daY& mqd & & 
(a) Waste Generated 
Plant  
(b) Feasible Regional con f i gu ra t i on  
(c)  In feas i b l e  Regional Conf i gu ra t  i on  
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Figure 2.2 A Four Source Example 





e f f l u e n t  down t o  l o c a t i o n  3 f o r  d i scharge  i n t o  t he  r i v e r .  
These r e s t r i c t  ions a re  made because t hey  a1 low a  s imp le  de te rm ina t i on  
o f  t he  BOD e n t e r i n g  a  g i ven  l o c a t i o n  based o n l y  on t he  knowledge o f  the 
f l o w  t r e a t e d  a t  t h a t  l o c a t i o n  and the sum o f  f l ows  t r e a t e d  upstream o f  i t .  
D e t a i l e d  i n f o r m a t i o n  on the  a c t u a l  dec is ions  made upstream i s  no t  requ i red .  
As demonstrated l a t e r ,  t h i s  r e s u l t s  i n  an e f f i c i e n t  method f o r  s o l v i n g  the 
f a c i l i t y  l o c a t i o n  p o r t i o n  o f  the problem. 
Obviously,  these r e s t r i c t i o n s  reduce the  number o f  p o t e n t i a l  r eg i ona l  
c o n f i g u r a t i o n s  cons idered t o  some subset o f  a l l  p o s s i b l e  c o n f i g u r a t i o n s .  
However, i n  any k i n d  o f  model b u i l d i n g  e f f o r t  one must be aware o f  t he  
t r a d e o f f s  between model s p e c i f i c a t i o n  and ease o f  s o l u t i o n .  The p resen t  
f o r m u l a t i o n  s a c r i f i c e s  some degree o f  g e n e r a l i t y  f o r  g rea te r  ease o f  
s o l u t i o n .  Even so, the model can s t i l l  examine a  s i g n i f i c a n t  number o f  
r eg i ona l  i z a t  i o n  arrangements t o  make i t  a  p o t e n t i a l l y  va l uab le  t o o l  i n  
water  q u a l i t y  p l ann ing  s tud ies .  A  case i n  p o i n t  i s  t h e  a n a l y s i s  made f o r  
the Delaware Es tuary  i n  Chapter 5. 
The r e g i o n a l i z a t i o n  r e s t r i c t i o n s  made here a r e  not  w i t h o u t  some 
foundat ion.  As shown i n  Sec t i on  4.4 they  a re  a c t u a l l y  o p t i m a l i t y  
c o n d i t i o n s  when degree o f  t reatment  i s  dropped as a  d e c i s i o n  v a r i a b l e ,  
i .e. ,  a1 1  cos t s  a r e  f unc t i ons  o f  waste f l o w  on l y .  I t  should  be noted 
t h a t  t he  methodology presented l a t e r  f o r  s o l v i n g  t he  mathematical  
programming f o r m u l a t i o n  o f  t he  model could,  i n  theory ,  be a p p l i e d  t o  
a  prob lem sta tement  which a l lowed more genera l  r eg i ona l  arrangements 
p r o v i d i n g  t h a t  the f a c i l i t y  l o c a t i o n  p o r t i o n  o f  the problem cou ld  be 
e f f i c i e n t l y  so lved.  
Even w i t h  these assumptions and r e s t r i c t i o n s  t he  model remains a  
fo rm idab le  one t o  so lve .  I t  a l lows  f o r  a  l a r g e  number o f  p o s s i b l e  
r e g i o n a l  f a c i l i t y  s i t e s  and, due t o  t he  no-bypassing r e s t r i c t i o n ,  
a u t o m a t i c a l l y  combines f lows  w i t h  common p i p e  rou tes  i n  a  s i n g l e  p ipe .  
I n  a d d i t i o n ,  i t  seeks t o  f i n d  a  g l o b a l  minimum t o  a  problem where, 
because o f  the  economies o f  scale,  the  c o s t  f u n c t i o n s  a re  nonconvex 
and may i nc l ude  f i x e d  charges. I n  t he  f o l l o w i n g  sec t i ons  the  model 
w i l l  be conver ted i n t o  a  mathematical  program. Expressions w i l l  be 
d e r i v e d  f o r  t he  o b j e c t i v e  f u n c t i o n  t o  be minimized, the  water qua1 i t y  
goals  t o  be s a t i s f i e d ,  and va r i ous  o t h e r  phys i ca l  c o n s t r a i n t s  on the  
prob 1  em. 
2.2 Ob jec t i ve  Func t i on  
The c o s t  o f  t he  system i s  composed o f  the p i p i n g  cos ts  and t he  
cos ts  o f  b u i l d i n g  t rea tment  p l a n t s .  Since t he  l o c a t i o n  and l eng th  o f  
t he  p o t e n t i a l  p i p e l i n e  connec t ing  any two ad jacen t  source l o c a t i o n s  i s  
s p e c i f i e d ,  the  c o s t  o f  p i p i n g  f r om l o c a t i o n  j t o  j + 1 i s  a  f u n c t i o n  o f  
t he  f l o w  be ing  piped, ypj. Th is  f unc t i on ,  c a l l  i t  P. (yp.), may be a  
J J  
s imp le  power f u n c t i o n  as i n  Graves e t  a l .  (1970) o r  may i nc l ude  such 
d e t a i l s  as meet ing v e l o c i t y  c o n s t r a i n t s  and pumping as i n  Converse 
(1972). I f  ypj i s  p o s i t i v e  then  f l o w  i s  p iped  f r om j t o  j + 1. I f  i t  
i s  nega t i ve  then  f l o w  i s  p iped  f rom j + 1  t o  j. The f u n c t i o n  P.(yp.) 
J J  
w i l l  t y p i c a l l y  show economies o f  s ca le  s i n c e  as more f l o w  i s  p iped  t he  
a l l o w a b l e  area f o r  f l o w  i n  t he  p i p e  increases i n  p r o p o r t i o n  t o  t h e  
d iameter  squared w h i l e  t he  c o s t  o f  t h e  p i p e  increases n e a r l y  i n  p r o p o r t i o n  
t o  the  d iameter  (c i rcumference)  on ly .  
The cos t  o f  a  t reatment  p l a n t  a t  j 7s a  f u n c t i o n  o f  t h e  h y d r a u l i c  
s i z e  o f  the  p l an t ,  y., and t h e  percen t  BOD removal prov ided.  Percent 
J  
BOD removed can be expressed as 1 - z./w. where w  i s  t he  BOD o f  the  
J J  j 
i n f l u e n t  waste i n  Ib /day and z  i s  the BOD o f  the  e f f l u e n t  i n  lb/day. j 
Hence t he  cos t  o f  a  t rea tment  p l a n t  i s  some f u n c t i o n  o f  yj, zj, and w  j ' 
say Tj ( Y ~ ,  zj, w.). Th is  f u n c t i o n  may assume a  d i f f e r e n t  fo rm a t  l o c a t i o n  J  
j depending on whether o n l y  source j ' s  waste i s  be ing  t r e a t e d  o r  a  r eg iona l  
p l a n t  i s  b u i l t  the re .  When t reatment  l e v e l s  a re  h e l d  cons tan t  t he  t rea tment  
c o s t  f u n c t i o n  t y p i c a l l y  shows economies o f  s ca le  w i t h  respec t  t o  h y d r a u l i c  
s i ze .  Th is  i s  r e f l e c t e d  i n  a  decreas ing marg ina l  c o s t  as t he  amount o f  
f l o w  i s  increased. On t he  o t h e r  hand, when the  q u a n t i t y  o f  f l o w  t r e a t e d  
i s  h e l d  constant ,  the marg ina l  cos t  o f  BOD removal increases as amount o f  
BOD removal increases i n  the range f rom 30-50 percent  removal on up. Th is  
behav io r  i s  demonstrated i n  t he  c o s t  curves developed by Frankel  (1965) 
shown i n  F ig .  2.3. 
The t o t a l  cos t  o f  the  r eg iona l  system can be expressed as 
N 
Cost = Z P. (yp. ) + Tj (y j  , z j  , wj ) 
j = l  J J  
For the moment no r e s t r i c t i o n s  w i l l  be p laced on the fo rm o f  t he  p i p i n g  
and t rea tment  c o s t  f unc t i ons .  La te r  on i t  w i l l  be r equ i r ed  t h a t  the  
t rea tment  c o s t  be a  convex f u n c t i o n  o f  percent  BOD removal. 
2.3 Water Qual i t y  Cons t ra i n t s  
There i s  a  c e r t a i n  l e v e l  o f  D O  improvement, Aci, which i s  r equ i r ed  
i n  each reach i, i =  1,  ..., M. Th is  r equ i r ed  improvement has a  d i f f e r e n t  
i n t e r p r e t a t i o n  depending on what type o f  model i s  used t o  r e l a t e  BOD 
T o t a l  Annual Cost per  mgd, i n  thousands o f  d o l l a r s  
discharged t o  s t ream DO. For r i v e r s  which have no l o n g i t u d i n a l  m i x i ng  
Ac. i s  the r equ i r ed  improvement a t  a  s p e c i f i e d  p o i n t  i n  reach i (Loucks 
I 
e t  a l . ,  1967). For r i v e r s  w i t h  l o n g i t u d i n a l  m i x i ng  ( i .e. ,  e s t u a r i e s )  
each reach i s  assumed t o  be comple te ly  mixed and thus Ac i s  the improve- i 
ment throughout  the reach (Thomann, 1972). I n  e i t h e r  case the  change i n  
D O  i n  reach i can be expressed as some 1 i near  comb i n a t  i on  o f  t he  changes 
i n  BOD d ischarged f rom each t reatment  p l a n t  l o c a t  ion, (s j  - z j ) .  Hence 
the c o n s t r a i n t  f o r  reach i can be w r i t t e n  as 
where a  i j '  the D O  t r a n s f e r  c o e f f i c i e n t ,  i s  the u n i t  change i n  D O  f o r  
reach i assoc ia ted  w i t h  a  u n i t  change i n  BOD re leased f rom l o c a t i o n  j. 
Assuming cons tan t  l e v e l s  o f  f low, BOD decay and r e a e r a t i o n  r a t e s  i n  each 
reach, these c o e f f i c i e n t s  can be computed f rom equat ions i n  Loucks e t  a l .  
(1967) o r  Thomann (1972). However, w i t h  r eg iona l  i z a t  i o n  t a k i n g  p lace  
the  f l o w  e n t e r i n g  each reach i s  no longer  cons tan t .  For r i v e r s  w i t h  no 
l o n g i t u d i n a l  m i x i ng  and M = N, i f  o n l y  t he  d i l u t i o n  e f f e c t s  o f  v a r i a b l e  
i n f l ows  a re  cons idered the c o n s t r a i n t  s e t  can be w r i t t e n  as 
where A l  and A a re  N  x  N  mat r i ces  o f  c o e f f i c i e n t s  c a l c u l a t e d  f rom waste 
2  
source and r i v e r  parameters, i n c l u d i n g  the  Acts,  and a  i s  an N x  1  vec to r  
o f  constants  (see Appendix A f o r  d e t a i l s ) .  However, a l s o  a f f e c t e d  a re  
the  t ime o f  f l o w  t o  t he  end o f  the reach and the r e a e r a t i o n  r a t e  constant .  
When cons idered t o  be f u n c t i o n s  o f  i n f l o w  t hey  d e s t r o y  t he  l i n e a r i t y  o f  
the  BOD-DO models and the use o f  a  s imp le  l i n e a r ,  separab le  r e l a t i o n  as 
i n  Eq. (2.3) i s  no t  v a l i d .  For t h i s  reason the  a d d i t i o n a l  assumption 
w i l l  be made t h a t  any changes i n  the  r i v e r  f l o w  due t o  r e g i o n a l i z a t i o n  
w i l l  have sma l l  e f f e c t  on the D O  t r a n s f e r  c o e f f i c i e n t s .  Hence the use 
o f  Eq. (2.2) w i l l  s u f f i c e .  This assumption i s  o b v i o u s l y  most v a l i d  f o r  
the  case when the  base f l o w  i n  the r i v e r  i s  l a rge  compared t o  the waste 
f l o w  generated. For severa l  approaches t o  r e l a x i n g  t h i s  assumption 
see Appendix A. 
2.4 Phys i c a l  and I n v e n t o r y  Cons t ra i n t s  
I n  t h i s  s e c t i o n  c o n s t r a i n t s  w i l l  be developed t o  express t he  
f o l l o w i n g :  
1.  t he  f l o w  p iped  o u t  o f  ( i n t o )  l o c a t i o n  j t o  ( f rom) j + 1  
as a  f u n c t i o n  o f  the  t o t a l  f l o w  a l l o c a t e d  f o r  t reatment  
a t  a l l  p o i n t s  between 1 and j; 
2. t he  r equ i  rements t h a t  the  f l o w  f rom a1 1  sources must be 
a l l o c a t e d  f o r  t rea tment ;  
3. the  r e g i o n a l i z a t i o n  r e s t r i c t i o n  t h a t  i f  a  p l a n t  i s  b u i l t  
i t  must be o f  s i z e  equal  t o  o r  g r e a t e r  than the  f l o w  p iped  
i n t o  i t  f rom o t h e r  l o c a t i o n s ;  
4. the  i n f l u e n t  BOD t o  l o c a t i o n  j as a  f u n c t i o n  o f  t he  t o t a l  
f l o w  t r e a t e d  between 1  and j - 1  and t he  f l o w  t r e a t e d  a t  j; 
5. upper and lower bounds on degree o f  t reatment .  
The f l o w  be ing  p iped  f rom l o c a t i o n  j t o  j + 1 has been denoted as 
yp. and may be e i t h e r  p o s i t i v e  o r  negat ive,  depending on t he  d i r e c t i o n  
J 
o f  f l ow .  Using t he  r e s t r i c t i o n  aga ins t  bypassing o f  l o ca t i ons ,  a  f l o w  
balance around the  j th l o c a t i o n  g ives  
Th is  mere ly  s t a t e s  t h a t  whatever f l o w  comes f rom (goes t o )  j - 1 p l u s  
the  source f l o w  a t  j must equal the  f l o w  t r e a t e d  and disposed t o  t he  
r i v e r  a t  j p l u s  the  f l o w  sen t  t o  ( f rom) l o c a t i o n  j + 1. W r i t i n g  t h i s  
equa t i on  f o r  j =1 ,  ..., N, n o t i n g  t h a t  ypo = ypN = 0, and then s o l v i n g  
f o r  yp. g ives 
J 
Another i n v e n t o r y  c o n s t r a i n t  r equ i r es  t h a t  a l l  f l o w  i n  t he  r e g i o n  
pass through a  t reatment  p l a n t  i n t o  the r i v e r .  Thus 
R e g i o n a l i z a t i o n  r e s t r i c t i o n  (2) r equ i r es  t h a t  t reatment  p l a n t s  be 
a t  l e a s t  as l a r g e  as the  f l ow  p iped  i n  f rom o the r  l oca t i ons .  Th is  f l o w  
i s  determined by  yp f o r  l o c a t i o n  j. I f  ypj- l  i s  p o s i t i v e  then f l o w  j - 1  
i s  be i ng  p iped  i n t o  l o c a t i o n  j f rom i t s  upstream s i de .  Thus 
Y. 2 YPj-l when y. > 0 J J 
and s  ince y p  = y j  + ypj - q.  we have j- 1 J 
I f  ypj- l  i s  nega t i ve  o r  ze ro  i t  f o l l ows  t h a t  i f  any f l o w  i s  coming i n t o  
l o c a t i o n  j i t  must be coming f rom i t s  downst reamside.  This q u a n t i t y  
has been c a l l e d  yp and would be nega t i ve .  There fo re  j 
Yj B - YPj when y. > 0 J 
T r a n s f e r r i n g  yp t o  the l e f t  s i d e  and m u l t i p l y i n g  by  y. g ives j J 
vj (y j  + Y P ~  a 0 (2.7) 
I f  i n  f a c t  no f l o w  i s  coming i n t o  l o c a t i o n  j f rom e i t h e r  s i d e  then bo th  
(2.6) and (2.7) always ho ld .  S i m i l a r l y  (2.6) w i l l  always h o l d  when 
< 0 as w i l l  (2.7) when ypj-l > 0. YPj-1 - 
The i n f l u e n t  BOD t o  a  g i ven  p l an t ,  w  i s  dependent on the assignment - j ' 
o f  sources t o  t reatment  p l a n t s  i n  a  g i v e n  reg iona l  c o n f i g u r a t i o n .  Suppose 
t h a t  such a  c o n f i g u r a t i o n  has been e s t a b l i s h e d  by  choosing a  s e t  o f  y  j ' 
j = 1 , .  . ., N such t h a t  (2.5) i s  s a t i s f i e d .  From the  reg iona l  i z a t i o n  
r e s t r i c t i o n s  (1) and (2 ) )  t he  i n f l u e n t  BOD t o  a l l  p l a n t s  i s  determined. 
Th is  can be demonstrated by  f i r s t  p l o t t i n g  t he  q u a n t i t i e s  Cs versus Cq j j 
as j runs f rom 1 t o  N. Such a  p l o t  f o r  the  problem o f  F i g .  2.2 i s  shown 
i n  F ig .  2.4. Note t h a t  the s lope  o f  any p o r t i o n  o f  t h i s  curve represents  
t h e  BOD c o n c e n t r a t i o n  o f  t he  waste a t  the  assoc ia ted  source i n  l b / m i l  ga l .  
Now whatever the s i z e  o f  p l a n t  1 is ,  say yl, t h e  assoc ia ted  i n f l u e n t  BOD 
can be found by  n o t i n g  what o r d i n a t e  corresponds t o  an absc issa o f  y  on C s  1 
vs.  C q  curve.  S i m i l a r l y ,  the  i n f l u e n t  BOD t o  p l a n t  2, w2, i s  g i ven  as 
t h e  d i f f e r e n c e  between t he  o r d i n a t e  a t  t he  absc issa va lue o f  y  1 + Y2 and 
the  q u a n t i t y  wl. Once hav ing cons t ruc ted  t he  p l o t  o f  & vs. f rom the  
j 
g i v e n  i n i t i a l  data, i f  the absc issa i s  des ignated as .C yi, where j can 
I =1 
be between 1 and N, and t h e  o r d i n a t e  as W (  4 y.), then the  i n f  1 uent BOD i = l  I 
a t  any l o c a t i o n  i s  g i ven  b y  
I 
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Thus i n f l u e n t  BOD a t  l o c a t i o n  j can be expressed as a  f u n c t i o n  o f  the sum 
o f  t h e  p l a n t  s i zes  upstream o f  and i n c l u d i n g  l o c a t i o n  j. Had r e g i o n a l i z a t i o n  
r e s t r i c t i o n  (2) no t  been made then w  would depend on more than s imp l y  
i - 1  j 
- 
y. and C yi. 
J i = l  
An a d d i t i o n a l  c o n s t r a i n t  which should  be p laced on the prob lem i s  
t o  r e q u i r e  t h a t  BOD removal be w i t h i n  s p e c i f i e d  l i m i t s .  Th is  can be 
w r i t t e n  as 
where L = lower l i m i t  on percen t  BOD removed a t  l o c a t i o n  j j 
U  = upper l i m i t  on percen t  BOD removed a t  l o c a t i o n  j. j 
L. and U. may assume d i f f e r e n t  va lues depending on whether a  r e g i o n a l  p l a n t  
J J 
i s  b u i  1  t o r  o n l y  source j ' s  own waste i s  t o  be t rea ted .  The lower bound 
may represen t  a  po l  i c y  such as a  r equ i r ed  minimum o f  p r ima ry  t rea tment  so 
t h a t  t h e  r i v e r  i s  kep t  f r e e  o f  f l o a t i n g  deb r i s .  The upper bound can 
represen t  t h e  t e c h n o l o g i c a l l y  o r  economica l l y  f e a s i b l e  l e v e l  o f  BOD removal 
a v a i l a b l e .  L. must be s e t  a t  no less  than  zero  w h i l e  U. a t  no more than  
J J 
one. 
2.5 S t r u c t u r e  o f  Complete Model 
Using t he  expressions de r i ved  above t h e  r e g i o n a l i z a t i o n  d e c i s i o n  
model can be w r i t t e n  as the  f o l l o w i n g  mathematical  program: 
N 
Minimize Cost = C P.(ypj) + Tj(yj,  Zj, wj) 
j = l  J 
Subject  t o  
2 a.. (s - 2 . )  2 Aci 
j = 1  I J  j J 
Th is  program has a  nonl  inear  (and p o s s i b l y  mixed i n t ege r )  o b j e c t i v e  
f u n c t i o n  w i t h  41\1 v a r i a b l e s  (y, z ,  w, yp ) .  ' The re  a re  2N degrees o f  freedom 
s i nce  yp and w  can be s u b s t i t u t e d  f o r  by  Eqs. (2.12) and (2.15). Thus, 
b y  s p e c i f y i n g  yl, y2 ,..., y  and z  , z2 ,..., z a  s o l u t i o n  i s  determined. N 1 N 
Due t o  the  economies o f  s ca le  o f  p i p i n g  and r e g i o n a l  t reatment  costs ,  
the p o s s i b i l i t y  o f  f i x e d  charges (and t h e r e f o r e  0-1 v a r i a b l e s ) ,  and the  
p iecewise l i n e a r  nonconvex c o n s t r a i n t s  (2.15), t he  above i s  a  nonconvex 
program. I f  the c o s t  f unc t i ons  were f r e e  o f  i n t ege r  v a r i a b l e s  one cou ld  
conce i vab l y  app l y  one o f  a  number o f  non l i nea r  programming techniques t o  
so l ve  i t  (e.g., Grad ient  P r o j e c t i o n  (Rosen, 1960), Method o f  Feas ib le  
D i r e c t  ions (Zou tend i j  k, 1960), SUMT (F iacco and McCormick, 1964) ) ,  
However, the  l a rge  number o f  v a r i a b l e s  and c o n s t r a i n t s  p l u s  t h e  
nonconvex p iecewise l i n e a r  c o n s t r a i n t s  would p resen t  problems f o r  these 
methods. I n  any event,  because o f  t he  nonconvex i t ies ,  a  g l o b a l l y  
op t ima l  s o l u t i o n  cannot be guaranteed b y  these techniques. Note t h a t  
when a  r eg iona l  c o n f i g u r a t i o n  o f  t rea tment  p l a n t s  i s  predetermined b y  
f i x i n g  y  ,y ,... and the  t rea tment  cos t  f u n c t i o n  i s  convex w i t h  respec t  1  2  'YN 
t o  t he  a l l o w a b l e  range o f  pe rcen t  BOD removal (a reasonable r e s t r i c t i o n  
f o r  removals g r e a t e r  than 30-50 percen t ) ,  t hen  we o b t a i n  a  convex problem 
w i t h  respec t  t o  t he  remain ing v a r i a b l e s  z,,z2,.. .,z Problems o f  t h i s  N  
form have been e f f i c i e n t l y  so lved  by  Loucks e t  a l .  (1967), Hass (1970), 
and Haimes e t  a l .  (1972). 
The s t r u c t u r e  o f  t he  model i s  e s s e n t i a l l y  t h a t  o f  a  s e r i a l  system. 
The stages a re  the  t rea tment  p l a n t  l oca t i ons .  The dec i s i ons  a r e  t he  
q u a n t i t y  o f  f l o w  t o  t r e a t  and the  degree o f  t rea tment  a t  each l o c a t i o n .  
The s t a t e s  a r e  the  t o t a l  f l o w  a l l o c a t e d  f o r  t reatment  upstream o f  any 
l o c a t i o n  and t he  D O  improvement f o r  each reach c o n t r i b u t e d  by reduced 
BOD d ischarges o f  a l l  p l a n t s  upstream o f  any l o c a t i o n .  Th is  s t r u c t u r e  
suggests t h e  use o f  dynamic programming t o  s o l v e  f o r  the  op t ima l  dec is ions .  
However, the  l a r g e  number o f  s t a t e  v a r i a b l e s  due t o  t h e  D O  improvement 
c o n s t r a i n t s  makes a  d i r e c t  s o l u t i o n  i m p r a c t i c a l .  
Of t h e  methods a v a i l a b l e  f o r  reduc ing  s t a t e  d imens iona l i t y ,  D i s c r e t e  
D i f f e r e n t i a l  Dynamic P rog ram ing  (He ida r i  e t  a l . ,  1971), and Successive 
Approximat ions (Be1 lman and Dreyfus, 1962) cannot be used because o f  the 
nonconvex i t i es  and, i n  the l a t t e r  method, t he  coup l i ng  o f  the f l o w  and 
BOD reduc t  i o n  v a r i a b l e s  i n  Cons t ra i n t  (2.16). I ns tead  Lagrange mu l t  i p l  i e r s  
w i l l  be in t roduced.  This,  a long  w i t h  s e p a r a b i l i t y  o f  the D O  c o n s t r a i n t s  
and o b j e c t i v e  f unc t i on ,  a1 lows decoupl i n g  o f  the BOD-DO system. The 
m u l t i p l i e r s  can be i n t e r p r e t e d  as p r i c e s  imposed t o  ensure j u s t  meet ing 
t he  water  qua1 i t y  c r i t e r i a .  Then dynamic programming can be used t o  
dec ide  how much f l o w  i s  t o  be t r e a t e d  a t  each l o c a t i o n  w h i l e  a t  the 
same t ime the  p r i c e s  a re  used t o  dec ide how much t reatment  should  be 
given. An i t e r a t i v e  procedure i s  necessary t o  choose the  o p t i m i z i n g  
s e t  o f  mu1 t i p l  i e r s .  
Th is  approach f o r  a  two s t a t e  v a r i a b l e  problem was f i r s t  suggested 
by  Be1 lman and Dreyfus (1962). I n  a  more general  con tex t ,  t he  use o f  
Lagrange m u l t i p l i e r s  i n  non l i nea r  programming appears i n  the  computat iona l  
methods known as column generat  i on  (~omory ,  1963) , genera l  i zed  1 i near 
programming (Dantzig, 1963)) General i zed  Lagrange Mu1 t i p l  i e r s  (Evere t t ,  
1963)) the dual  c u t t i n g  p lane method (Zangwi l l ,  1969)) and dual  
decompos i t  i on  (Lasdon, 1970). A 1  1  o f  these methods can be de r i ved  
f r om the  n o t i o n  o f  d u a l i t y  i n  non l i nea r  programming. For nonconvex 
problems such a s t r a t e g y  w i  1 1  no t  always succeed and add i t  i ona l  measures . 
must o f t e n  be taken. These ideas w i l l  be d iscussed more f u l l y  i n  the  
nex t  chap te r  where an a l g o r i t h m  f o r  s o l v i n g  the  r e g i o n a l i z a t i o n  model 
w i l l  be developed. 
CHAPTER 3. SOLUTION OF THE MODEL 
3.1  Lagrangian D u a l i t y  i n  Nonl inear  Programming 
The method used t o  s o l v e  the  r e g i o n a l  wastewater t rea tment  prob lem 
fo rmu la ted  i n  Chapter 2 i s  based on a  p a r t i c u l a r  dual  approach t o  
nonl  i near  programming which makes use o f  General i zed  Lagrange Mu1 t i p l  i e r s  
(GLM) (Everet t ,  1963). I t  can be viewed as a  s p e c i a l  case o f  the 
genera l  ized p e n a l t y  - f u n c t  ion /su r roga te  model r e c e n t l y  descr ibed  b y  
Greenberg (1973). A l though s p e c i f i c  d u a l i t y  r e l a t i o n s  have been s t u d i e d  
b y  a  number o f  au thors  the  concepts con ta ined  i n  Lasdon ( 1 9 7 0 ) ~  G e o f f r i o n  
(1971), and Luenberger (1969) appear bes t  s u i t e d  f o r  appl  i c a t  ions t o  
nonconvex problems. What f o l l o w s  i s  a  b r i e f  d e s c r i p t i o n  o f  these concepts. 
Consider t he  f o l l o w i n g  mathematical  program c a l l e d  the  p r i m a l :  
Min imize f (x)  
Subject  t o  g (x )  2 0 
x c s  
n  n  
where S C R ,  f : ~ "  + R '  and g:R + R ~ .  
The funct ' ions f and g  can be any r e a l  va lued f u n c t i o n s  w h i l e  the  s e t  
S may c o n t a i n  any a d d i t i o n a l  c o n s t r a i n t s  on  t he  d e c i s i o n  vec to r  x. I n  
a p p l i c a t i o n s  i t  i s  best  t o  i nc l ude  t he  "comp l i ca t ing"  c o n s t r a i n t s  i n  g  
w h i l e  lumping the s i m p l e r  c o n s t r a i n t s  i n t o  S. The idea behind dual  i t y  i s  
t o  make t he  "comp l i ca t ing"  c o n s t r a i n t s  a  p a r t  o f  the o b j e c t i v e  f u n c t i o n  
and then  so l ve  a  s e r i e s  o f  l ess  cons t ra i ned  and h o p e f u l l y  e a s i e r  problems 
u n t i l  a  c e r t a i n  o p t i m i z a t i o n  c r i t e r i o n  i s  met. To do t h i s  t h e  Lagrangian 
f u n c t i o n  i s  in t roduced  as 
L (x, u) = f (x )  + ug (x)  
m 
where u  E R i s  a  Lagrange m u l t i p l i e r  o r  dual  vec to r .  
For a  g i v e n  u  the  f o l l o w i n g  f u n c t i o n  can be eva lua ted  
h(u)  = minimum L(x,u) 
x  ES 
E v a l u a t i n g  h(u)  a l s o  determines an  x  which may o r  may no t  f e a s i b l e  i n  
t he  p r i m a l .  Th i s  f u n c t i o n  w i l l  be c a l l e d  the  dual  f u n c t i o n .  I t s  domain 
D(u) = { u:u 2 0  and min L(x,u) e x i s t s  1 
xeS 
The reason u  i s  nonnegat ive i s  t h a t  o n l y  i n f e a s i b l e  c o n s t r a i n t  values 
a re  t o  be pena l i zed  by  adding a  p o s i t i v e  q u a n t i t y  t o  t he  o b j e c t i v e  
f u n c t i o n .  I n  what f o l l o w s  i t  i s  assumed t h a t  t he  minimum o f  the  
m+ Lagrangian e x i s t s  f o r  any u  2 0  and thus ~ ( u )  = R . From the  Weiers t rass 
theorem, s u f f i c i e n t  cond i t i ons  t o  ensure t h i s  a r e  t h a t  f and g  be 
cont inuous and S be compact. 
From these s imple d e f i n i t i o n s  t he  f o l l o w i n g  weak d u a l i t y  p r i n c i p l e  
i s  e s t a b l  ished. Given a  p r ima l  f e a s i b l e  x  and any u  2 0  then  h (u )  _< 
f (x ) .  Th is  f o l l o w s  immediately f rom 
h  (u) = m i  n  f (x)  + ug (x)  
xeS 
s i nce  ug(x)  2 0  f o r  f e a s i b l e  x  and u > O .  Thus i f  h (u )  i s  maximized a t  
u+ and t he  r e s u l t i n g  x;': i s  p r i m a l  f e a s i b l e  w i t h  h(uik) = f (xik) then  x;k 
must s o l v e  t he  p r ima l  (and i s  t he  g l oba l  minimum o f  t he  p r i m a l ) .  Th is  
n a t u r a l l y  leads t o  t h e  f o l l o w i n g  dual  program: 
Maximize h  (u) 
u 2 0  
Minimum [ f ( x )  + u g ( x ) ]  I 
I n  an equ iva len t  fashion the pr imal  program can be expressed as a  
search f o r  values (x*, such t h a t  
(1) xi'; minimizes f ( x )  + ug:g(x) over x  e S 
(2) g(x*) 5 0  and u;k 2 0  
(3 ) ui'c g  (xi';) = 0  
(1) i s  s imp ly  the d e f i n i t i o n  o f  h(u>k); (2) ensures t h a t  xy: i s  p r ima l  
f e a s i b l e  and u:'; 2 0, and (3) ensures t h a t  h(u:k) = f (xi';) and i s  c a l l e d  
complementary s  lackness . 
The cond i t ions  (1)-(3) are s u f f i c i e n t ,  bu t  not  necessary, f o r  
opt imal  i t y ;  there i s  no guarantee t h a t  they can be met f o r  any a r b i t r a r y  
p r ima l  program. They are  equ iva len t  t o  descr ib ing  a  saddle p o i n t  o f  the 
Lagrangian, i.e., a  p o i n t  (xi';, u;':) such t h a t  ~ ( x i k ,  u) 5 L(X>~,  u;':) - < L(X,U:~) 
f o r  a1 1 x  e S, u  2 0  (Lasdon, 1970). I t  fo l l ows  then t h a t  i f  the 
Lagrangian o f  a  problem has a  saddle po in t ,  cond i t ions  (1) - (3) can be 
met and there  e x i s t  dual var iab les  such t h a t  the maximum o f  the dual w i l l  
equal the minimumof the pr imal .  I f  the  problemdoes not  have a  Lagrangian 
saddle p o i n t  then the maximum o f  the dual w i l l  not  equal the minimum of 
the pr imal  and cond i t ions  (2) and (3) cannot be met. However, the value 
o f  the dual always serves as a  lower bound t o  the pr imal .  Recal l  t h a t  no 
p rov i s  ions have been placed on the form o f  f, g, and ' S  and t h a t  when the  
dual  method succeeds a g l oba l  minimum i s  obta ined.  
When the method f a i l s ,  i .e. ,  no Lagrangian saddle  p o i n t  e x i s t s  and 
c o n d i t i o n s  ( 1 )  - (3) cannot be met, the  s o l u t i o n  t o  a  c l o s e l y  r e l a t e d  
problem i s  e a s i l y  a t  hand. The p r ima l  can be r e s t a t e d  as 
Minimize f (x)  
Subject  t o  g(::) 5 b 
x s s  
where b i s  an m-vector o f  r i g h t  hand s i des  (r .h.s.) .  The Lagrangian i s  
L(x,u) = f (x)  + u g (x )  - ub. 
0 For any u 1 0  an (xO, uO) can be found which s a t i s f i e s  c o n d i t i o n s  (1) - 
(3 )  by  s imp l y  choos ing a va lue  o f  b  s o  t h a t  the  x0 which so lves (I) (xo = 
[x:x minimizes L(x, uO) over S ]  ) a l s o  s a t i s f i e s  (2)  and (3). By c o n s t r u c t i o n  
then, b  = g (xO) .  Thus f o r  any u0 2 0, f i n d i n g  t he  x0 which minimizes the  
Lagrangian so lves the p r ima l  w i t h  r .h.s.  o f  g(xO) (Evere t t ,  1963). I n  
0 0 f a c t ,  when any component u. o f  u  i s  zero, the  co r respond ing  c o n s t r a i n t  
1 
0 
can have a r.h.s. 2 gi ( x  ) .  (Note t h a t  o n l y  t i g h t  c o n s t r a i n t s  a t  o p t i m a l i t y  
w i l l  have m u l t i p l  i e r s  (ui) which a r e  no t  zero.  A ze ro  m u l t i p l i e r  a t  
o p t i m a l i t y  imp l i es  t h a t  the  cor responding c o n s t r a i n t  i s  super f luous  and 
cou ld  have been de le ted . )  When a p p l y i n g  the  dual  method t o  the  o r i g i n a l  
prob lem w i t h  r .h.s.  o f  zero, i f  the dual  i s  maximized a t  u;'~ and h(u:'.-)# f (x>v) 
( o r  x* i s  p r ima l  i n f e a s i b l e )  then  xi'; s t i l l  so lves  t he  p r ima l  o n l y  w i t h  
r .h .s .  o f  g(x;':). 
I f  c e r t a i n  r e s t r i c t i o n s  a re  p laced on f, g, and S then  t he  
e x i s t e n c e  o f  Lagrangian saddle  p o i n t s  can always be guaranteed. The 
Kuhn-Tucker Saddle Po in t  Theorem (Kar l  in,  1959; Uzawa, 1958) s t a t e s  
t h a t  when f  and g  a re  convex, the  s e t  S i s  convex, and a  c o n s t r a i n t  
qua1 i f i c a t i o n  i s  met (such as S l a t e r ' s  c o n d i t i o n  t h a t  t h e r e  e x i s t s  an 
0 
x  E S such t h a t  g(xO) < 0) then i f  x" so lves  t h e  p r i m a l  t h e r e  e x i s t s  a  
such t h a t  (x>k, u3'~) i s  a  Lagrangian saddle  p o i n t .  I n  f a c t ,  under t he  
above cond i t i ons ,  w i t h  S = R" and f  and g  d i f f e r e n t i a b l e ,  t he  Kuhn-Tucker 
necessary c o n d i t i o n s  f o r  o p t i m a l i t y ,  
become e q u i v a l e n t  t o  the s u f f i c i e n t  (Lagrangian saddle  p o i n t )  c o n d i t i o n s  
( 1 )  - (3) .  Other c lasses  o f  g e n e r a l l y  nonconvex problems which always 
have Lagrangian saddle  p o i n t s  a r e  geometr ic  programs w i t h  posynomials 
(Duf f  i n  e t  a l . ,  1967) and programs w i t h  o b j e c t i v e  f u n c t i o n s  as t he  r a t i o  
o f  a  convex f u n c t i o n  t o  a  p o s i t i v e  1 i nea r  f u n c t i o n  and s u b j e c t  t o  1 inear  
c o n s t r a i n t s  (Rani and Kaul , 1973). 
Up t o  t h i s  p o i n t  the dual  o f  a  non l i nea r  program has been presented 
as a  search f o r  a  Lagrangian saddle  p o i n t .  Another way o f  v i ew ing  
d u a l i t y  i s  i n  terms o f  t he  graph o f  the op t ima l  va lue o f  the p r ima l  as 
a  f u n c t i o n  o f  the r.h.s. o f  t he  c o n s t r a i n t  se t .  Cons i de r  t he  op t ima l  i t y  
f u n c t i o n  g i v e n  by  
w(b) = min[ f  (x) : g ( x )  _< b, x  E $ 3  
which i s  de f i ned  over  the  s e t  
B  = [b : g (x )  b  f o r  some x  e s ] .  
For a  g i v e n  r.h.s. v e c t o r  b  E B, t he  va lue  o f  w(b) i s  t he  op t ima l  va lue 
o f  the  p r ima l  program 
Minimize f  (x )  
Subject  t o  g (x )  _< b  
x  E S. 
Geometr ica l ly ,  w(b) represents  the  lower envelope o f  the  s e t  o f  p o i n t s  
which a re  mapped f rom S i n t o  R ~ + ' .  F i gu re  3.1 p i c t u r e s  P and w(b). 
The o r i g i n a l  p r ima l  problem has r .h.s.  o f  zero. Thus, we a r e  i n t e r e s t e d  
i n  f i n d i n g  w(0).  
Eva lua t i ng  the  dual f u n c t i o n  h  (u) f o r  any u0 2 0 corresponds t o  
0 f i n d i n g  a suppo r t i ng  hyperplane f o r  the  s e t  P w i t h  s lope  = - u  . This  
f o l  lows f rom 
0 0 0 h(uO) = f ( x  ) + u  g ( x  ) - < f ( x )  + uog(x) 
so t h a t  
f (XI 2 -uOg (x) + [ f  (xO) + uog (xO) ] 
o r  f  ( x )  2 - uog (x)  + h (uO) . 
0 Th is  descr ibes  t he  ha l f - space  o f  a  hyperplane w i t h  s lope  - u  , i n t e r c e p t  
h(uO), which 1 i es  below the s e t  P and con tac ts  i t  a t  t he  p o i n t  
[ f ( x O ) ,  g(xO) ] .  Since t h i s  p o i n t  co i nc i des  w i t h  w(b) ( the  lower boundary 
o f  P) i t  i s  ev iden t  t h a t  x0 so lves  the  p r ima l  w i t h  r .h.s.  o f  b0 = g(xO).  
Th is  demonstrates E v e r e t t ' s  Theorem which s ta tes  t h a t  any u 2 0 w i l l  
y i e l d  a  s o l u t i o n  t o  a  p r ima l  w i t h  mod i f i ed  r.h.s. F igure  3.2 shows the 
0 
suppo r t i ng  hyperplane determined by  u  . 
Since the  f u n c t i o n  w i s  nonincreasing, i t  i s  e v i d e n t  as i n  F ig .  3.2 
t h a t  h (u )  i s  always a lower bound f o r  t he  op t ima l  p r ima l  value, w(o) 
( i .e . ,  demonst ra t ing the  weak d u a l i t y  c o n d i t i o n ) .  I n  maximiz ing the  dual  
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a hyperplane o f  s lope  - u  i s  sought which y i e l d s  the h i ghes t  i n t e r c e p t .  
When t h i s  i n t e r c e p t  co inc ides  w i t h  w(O), the op t ima l  va lue  o f  the  p r ima l ,  
then  t he  dual  i s  a b l e  t o  so lve  the p r ima l .  Another way t o  say t h i s  i s  
t h a t  the s e t  P be suppor tab le  a t  [w(o),  01. I n  F ig .  3.2 i t  i s  obvious 
t h a t  such a  suppor t  e x i s t s .  For the problem shown i n  F ig .  3.3 no suppor t  
e x i s t s  a t  [w(o),  01. When the  dual  i s  maximized a t  uy:, h(u;k) < w(0). 
Note t h a t  e v a l u a t i n g  the dual  a t  u;k w i l l  y i e l d  two a l t e r n a t e  x  so lu t i ons ,  
- 
say x and x. These represent  the op t ima l  s o l u t i o n s  o f  the  p r ima l  when 
- - - 
the  r.h.s. a re  b  = g ( x )  and 6 = g (x ) ,  r e s p e c t i v e l y .  I n  f ac t ,  as seen i n  
the f i g u r e ,  no suppor t  e x i s t s  between and and f o r  a1 1 p r ima l s  w i t h  
r.h.s. i n  t h i s  i n t e r v a l  the dual  method f a i l s .  Problems such as t h i s  
demonstrate d u a l i t y  qaps, i.e., gaps i n  the range o f  a l l owab le  r.h.s. 
such t h a t  the maximum o f  dual  i s  no t  equal t o  the minimum o f  t he  p r ima l .  
The ex i s tence  o f  d u a l i t y  gaps i s  d i r e c t l y  r e l a t e d  t o  the  shape o f  
w(b) .  When the  f unc t i ons  f and g  a re  convex and the s e t  S i s  convex 
then the  s e t  P i s  convex as i s  the  f u n c t i o n  w(b) (Luenberger, 1969). 
Thus P i s  suppor tab le  a t  a l l  p o i n t s  on i t s  boundary. I n  p a r t i c u l a r  i t  
w i l l  have n o n v e r t i c a l  supports a t  a l l  p o i n t s  a long  w(b) where b  i s  i n  
the  i n t e r i o r  o f  B. Th is  i s  equ i va len t  t o  the  conc lus ion  o f  the  Kuhn- 
Tucker Saddle Po in t  Theorem s ince  bo th  imply  the  success o f  the  dual  
method f o r  convex programs. The c o n s t r a i n t  q u a l i f i c a t i o n  keeps b  i n  the 
i n t e r i o r  o f  B. ( V e r t i c a l  supports a re  not  a l lowed s i nce  e q u a l i t y  o f  
p r ima l  and dual  need no t  e x i s t ) .  For nonconvex problems the f u n c t i o n  
w(b) need n o t  be convex. Then suppor ts  w i l l  e x i s t ,  and the dual  method 
w i l l  succeed o n l y  f o r  r.h.s. b  where w(b) co inc ides  w i t h  the convex 
h u l l  o f  P. 

Before comp le t ing  t h i s  r ev i ew  o f  d u a l i t y  two a d d i t i o n a l  p o i n t s  
0 
should  be noted. F i r s t ,  when a suppor t  i s  found f o r  a  p a r t i c u l a r  u  , 
0 i f  w(b) i s  d i f f e r e n t i a b l e  a t  t h a t  p o i n t  then - u  i s  the  d e r i v a t i v e  o f  
0 
w(b), e.g., - u  measures the  decrease i n  op t ima l  o b j e c t i v e  f u n c t i o n  
ob ta i nab le  w i t h  an incremental  increase i n  the  va lue o f  t h e  r.h.s. 
(Luenberger, 1969). Second, i n  t he  nonconvex case, f a i l u r e  o f  the dual  
method t o  f i n d  m u l t i p l  i e r s  t o  suppor t  P a t  [w(o), 0 1  does no t  n e c e s s a r i l y  
mean t h a t  op t ima l  Lagrange m u l t i p l i e r s  i n  t he  Kuhn-Tucker sense do n o t  
e x i s t .  As W h i t t l e  (1971) shows, when S = R", f and g a re  d i f f e r e n t i a b l e  
and g s a t i s f i e s  a  c o n s t r a i n t  q u a l i f i c a t i o n  then t h e r e  e x i s t  nonnegat ive 
m u l t i p l  i e r s  u  which d e f i n e  a  tangent  hyperplane t o  w(b) a t  [w(o), 01. 
Th is  i s  shown i n  F ig .  3.3. The above c o n d i t i o n s  imp ly  t he  c l a s s i c a l  
Kuhn-Tucker necessary c o n d i t i o n  o f  Lagrangian s t a t i o n a r i t y  (Mangasarian, 
1969). 
To summarize, t he  p r ima l  i s  a t t acked  b y  s o l v i n g  a dual  prob lem 
Max h (u )  = min f ( x )  + ug(x) 
U 2 0 X G s  
I f  (u;k, x;?) maximizes t he  dual  and i f  h(u;k) = f(x;?) w i t h  x;': p r i m a l  f e a s i b l e  
t hen  x:' i s  t he  g l o b a l  minimum o f  the  p r ima l .  I f  these c o n d i t i o n s  do no t  
h o l d  a t  (u;':, x;k) then  x+: so lves a  p r ima l  w i t h  r i g h t  hand s i d e  values g(x+:). 
I f  these a re  no t  f a r  f rom the  o r i g i n a l  values, the  s o l u t i o n  may s t i l l  be 
u s e f u l  . 
I n  t he  f o l l o w i n g  sec t ions  t he  reg iona l  wastewater t rea tment  prob lem 
w i l l  be c a s t  i n  t he  f o rm  o f  a  dual  program, computat iona l  methods o f  
s o l v i n g  t he  dual  w i l l  be discussed, and s t r a t e g i e s  f o r  s o l v i n g  t h e  
o r i g i n a l  prob lem when the dual  method f a i l s  w i l l  be developed. 
3.2 Formu la t ion  and E v a l u a t i o n  o f  the Dual 
The reg iona l  wastewater t rea tment  problem has been formulated i n t o  
the  f o l l o w i n g  mathematical  program i n  Chapter 2 :  
Min imize Cost = X Pj (ypj)  + T~ (yj, z  
wj) j = l  j ' 
Sub jec t  t o :  
x a..  (s j  - z.) --> Aci 
j = l  I J J 
L. 5 1 - z./w. 5 U 
J J J  j j = l , .  ..,N (3.7)  
Yj , z > o  j - j = l ,  ..., N  (3 8) 
where y  = f l o w  t o  be t r e a t e d  a t  l o c a t i o n  j j 
z = BOD re leased  a f t e r  t reatment  a t  l o c a t i o n  j j 
ypj = f l o w  p iped  between l o c a t i o n  j and j + 1 
= source waste f l o w  generated a t  l o c a t i o n  j 
s  = source BOD generated a t  l o c a t i o n  j j 
w = i n f l u e n t  BOD t o  be t rea ted  a t  l o c a t i o n  j j 
W ( '  ) = the piecewise 1 inear graph o f  Cs vs. Zq 
L = lower bound on permiss ib le  BOD removal e f f i c i e n c y  a t  l o c a t i o n  j j 
U = upper bound on permiss i b l e  BOD removal e f f i c i e n c y  a t  l o c a t  ion  j i 
P. = cos t  o f  p i p i n g  as f u n c t i o n  o f  yp 
J j 
T = cost  o f  treatment as f unct ion  o f  yj , zj , and w j j 
a.. = change i n  D O  i n  reach i f o r  a u n i t  change i n  BOD discharged 
I J  
a t  l o c a t i o n  j 
Aci = D O  improvement requi red i n  reach i 
N = number o f  treatment p l a n t  loca t ions  
M = number o f  reaches i n  r i v e r .  
I n t roduc ing  the va r iab le  
and the constant 
bi = C a.. s  - Li 
j = l  IJ j 
r e s u l t s  i n  the f o l l o w i n g  
Minimize Cost = I: ~ . ( y p . )  + ~ ~ ( y ~ ,  zj, wj) 
j = l  J J  
Subject t o :  
Were t h i s  program t o  be s o l v e d  d i r e c t l y  b y  dynamic p r o g r a m i n g  t h e r e  would 
be one s t a t e  v a r i a b l e  co r respond ing  t o  (3.11) and M s t a t e  v a r i a b l e s  f o r  
(3.10). By d u a l i z i n g  w i t h  respec t  t o  c o n s t r a i n t s  (3.10) t h e  r e s u l t i n g  
c o n s t r a i n e d  Lagrang ian  can be m in im ized  b y  s i n g l e  s t a t e  dynamic programming. 
Deno t ing  t h e  Lagrange m u l t i p l i e r s  o r  d u a l  v a r i a b l e s  b y  ul,u 2...,u t h e  
my 
dua 1 f u n c t  i o p  becomes 
N M N 
h ( u )  = m i n i m u m  {I: Pj (yp j )  + T j ( y j ,  zjy wj) +I: ( I :  a  z  - bi)) I j = l  i = l  j = l  i j  j Y J Z  
s u b j e c t  t o  (3.11) - (3.16). 
The minirnand can  be rea r ranged  i n  c o m p l e t e l y  separab le  f o r m  t o  y i e l d  
N M M 
h ( u )  = minimum {I: [p j (ypj)  + T.(y.,z.,w.) + ( I: ii a i j )  z j ]  - I: ui bi} 
y,z j = l  J J J J  i = l  i = 1 
s u b j e c t  t o  (3.11) - (3.16). 
For a  g i v e n  u, h (u )  i s  e v a l u a t e d  b y  s o l v i n g  a dynamic program. 
T h e s t a g e s a r e j = l ,  ..., N w i t h d e e i s i o n v a r i a b l e s y  a n d z  T h e s t a t e  j j ' 
A 
v a r i a b l e  i s  y  i.e., the t o t a l  f l o w  a l l o c a t e d  f o r  treatment a t  loca t ions  j ' 
1 through j. I t s  t r a n s i t i o n  f u n c t i o n  i s  Eq. (3.11), 
w i t h  
A 
The r e t u r n  func t i on  f o r  each stage can be expressed as a  f u n c t i o n  o f  y  j 
and y  w i t h  a  min imiza t ion  w i t h  respect t o  z being c a r r i e d  ou t  as j j 
f o l  lows : 
A M 
R.(y.,y.) = min { P. (yp.) + T  (y  zj, w.) + ( Z ui a..) z. ] J J J  z  J J  j j y  J  i = l  ' J  J  
j 
A 
For a  g iven value o f  y  and y  the var iab les  yp and w. can be found j j j J 
from (3.17) and (3.18). When the treatment cos t  f u n c t i o n  i s  continuous 
i n  z  the min imiz ing z  can be found from the ca lcu lus  by so l v ing  j j 
F i n a l l y  t he  r e c u r s i o n  r e l a t i o n  i s  
A A 
where F .  (y.)  i s  the  op t ima l  r e t u r n  assoc ia ted  w i t h  be ing  i n  s t a t e  y .  
J J  J 
a f t e r  j stages, The i n i t i a l  c o n d i t i o n s  a r e  
and t he  f i n a l  c o n d i t i o n  i s  
So l v i ng  the  r e c u r s i o n  f o r  j = 1, ..., N g ives  t he  va lue o f  t he  dual  f unc t i on ,  
~ . e . ,  
Due t o  t he  comp lex i t y  o f  t he  r e t u r n  f u n c t i o n  and the c o n s t r a i n t s ,  an 
a n a l y t i c  s o l u t i o n  t o  the recurs  i on  equat ions i s  no t  poss ib l e .  I ns tead  
A 
t he  s t a t e  v a r i a b l e  y  must be d i s c r e t i z e d  over i t s  a l l o w a b l e  range 
N 
[0, .X qj] .  We denote the g r i d  o f  e s t a b l  ished s t a t e  values b y  
J =1 
, 2 , . . . K .  From the cons t ra in t s  (3.21) - (3.23) o f  the 
recurs ion  r e l a t i o n  the a l lowab le  values o f  the dec i s ion  va r iab le  y  are j 
f o r  j = 1, k  = 1, ..., K 
j - 1  A j 
and ;(k) 2 I: q i  , y(A)s C q i  f o r  k  # A 
i = l  i = l  
A ( A )  f o r  j = N, A =  1 ,..., K .  
C Y A ( K ) - y  , 
The o ther  dec is ion  var iable,  z  can remain continuous over i t s  a l lowable j ' 
range . 
The s t a t e  space can be represented as i n  Fig. 3.4. Each node 
ind ica tes  a  l eve l  o f  the s t a t e  var iable,  ;(k). For any, a rc  the d i f f e r e n c e  
between i t s  s t a t e  l eve l s  ( i t s  end nodes) represents an a1 lowable l eve l  o f  
yj. Associated w i t h  each arc i s  a  length which is  the value o f  the r e t u r n  
A 
f u n c t i o n  R(y y j ) .  A path connect ing ; w i t h  ;N(K) represents a  j, o 
feas ib le  s o l u t i o n  o f  the dynamic program. Finding the shor tes t  such path  
solves the dynamic program o p t i m a l l y  and thus evaluates the  dual funct ion,  
h(u).  The d e t a i l s  o f  so l v ing  a  d i s c r e t e  dynamic programming problem are  
g iven i n  Nemhauser (1966). 
The i n t r o d u c t i o n  o f  d i s c r e t e  s t a t e  l eve l s  and hence d i s c r e t e  l eve l s  
o f  the va r iab le  y  (s ize  o f  treatment p l a n t )  has changed the o r i g i n a l  
problem s ince y  i s  no longer continuous. Although t h e o r e t i c a l l y  the g r i d  
s i z e  cou ld  be made small enough so t h a t  y  remained e s s e n t i a l l y  continuous 
t h i s  would make computations imprac t ica l .  I n  view o f  t h i s  an add i t i ona l  
c o n d i t i o n  must be added t o  the l i s t  o f  assumptions made i n  fo rmula t ing  

t h e  r e g i o n a l i z a t i o n  problem i n  Sec t i on  2.1. The a l l owab le  l e v e l s  o f  
t rea tment  p l a n t  s i zes  a t  a l l  l o c a t i o n s  a re  r e s t r i c t e d  t o  a  f i n i t e  s e t  
o f  values as s p e c i f i e d  by t he  ana l ys t .  ( A c t u a l l y  the a n a l y s t  s p e c i f i e s  
A N 
the a l l o w a b l e  values f o r  y  between [o, .X q.]. From Eq. (3.24) the 
I=1 I 
a l l owab le  values o f  y  r e s u l t ) .  
A N 
When the  a l l owab le  l e v e l s  o f  y  a re  {o, q,, ql + q 2 ,  X q i ]  then  i = l  
l o c a t i o n s  e i t h e r  t r e a t  o r  p i pe  a l l  o f  t h e i r  source waste f l o w  (p lus  any 
f l o w  p iped  i n  f rom o the r  l oca t i ons ) ,  i.e., no s p l i t t i n g  o f  source f l o w  
between t reatment  and p i p i n g  i s  al lowed. To i l l u s t r a t e  t h i s  cons ider  
the  example o f  F ig .  2.2 w i t h  f o u r  l o c a t i o n s  which generate  20, 50, 10 
and 10 mgd r e s p e c t i v e l y .  The a l l owab le  s e t  o f  s t a t e  values would be 
{o, 20, 70, 80, 901. From Eq. (3.24) t h e  a l l owab le  va lues o f  y  a r e  j 
The s t a t e  space i s  shown i n  F ig .  3.5. For computat iona l  e f f i c i e n c y  i t  
i s  recommended t h a t  the  s t a t e  space be d i s c r e t i z e d  i n  t h i s  manner. I n  
f ac t ,  as shown i n  Sec t i on  4.4, i f  degree o f  t rea tment  were no t  cons idered 
as a  d e c i s i o n  va r i ab l e ,  then  a  g r i d  o f  t h i s  s i z e  would always c o n t a i n  t h e  
optimum r e g i o n a l  c o n f i g u r a t i o n .  
For t reatment  cos t s  which a r e  cont inuous w i t h  respect  t o  BOD removed, 
h(u)  w i l l  e x i s t  f o r  any u  2 0. Th is  f o l l o w s  s i n c e  by d i s c r e t i z i n g  t he  
s t a t e  space t h e r e  i s  o n l y  a  f i n i t e  number o f  r eg i ona l  con f i gu ra t i ons ,  o r  
values o f  y. Reca l l  t h a t  h(u) i s  eva lua ted  b y  s o l v i n g  

N M N 
min { X P. + T .  + Z u i ( X  a.. z  - bi) ) 
y , ~  j = l  J J i = l  j = l  IJ 1 
For f i x e d  y the  r e s u l t i n g  problem i s  the min imiza t ion  o f  a continuous 
f u n c t i o n  i n  z  over a closed and bounded set,  and, by  the  Weierstrass 
Theorem, t h i s  minimum always ex i s t s .  Thus h(u) e x i s t s  f o r  any u 2 0. 
So f a r  o n l y  a s i n g l e  l i n e a r  segment o f  waste sources along a r i v e r  
has been considered. The model can inc lude any number o f  d i s t i n c t  and 
independent segments. For example, the  r i v e r  may be very  wide and p i p i n g  . 
across i s  not allowed. Then two l i n e a r  segments, one f o r  the  sources on 
each side, can be used. This and another example are p i c t u r e d  i n  Fig. 
3 . 6 .  L e t t i n g  the number o f  such segments be K and subscr i p t i n g  a1 1 
var iab les  which belong t o  the kth segment w i t h  k, the model can be 
w r i t t e n  as: 
Subject t o  
K Nk 

The dual f u n c t i o n  i s  now 
min [i P + T  + ( i  u i a ) z .  1 -  i ui bi  j k  j k  i=l t ~ k  ~k  i = 1 
s . t .  (3.25) - (3.26) 
and can be evaluated by s o l v i n g  K dynamic programs as described above. 
3.3 So lu t i on  o f  the Dual 
Recal l  t h a t  f o r  the general pr imal  problem 
M i n i m i z e f ( x )  subject  t o  g ( x ) _ < O ,  x c S  
the dual i s  def ined as 
f (x) + ug(x) , u s Rm. 
I n  t h e  p rev ious  s e c t i o n  i t  was shown how t h e  r e g i o n a l  wastewater t rea tment  
prob lem c o u l d  be c a s t  i n  t h i s  fo rm and how i t s  dua l  c o u l d  be eva lua ted  
f o r  any u  2 0. The prob lem remains o f  f i n d i n g  the  u  which maximizes h ( u ) .  
N o t i c e  t h a t  h ( u )  i s  a  concave f u n c t i o n  i n  u  s i n c e  i t  i s  t h e  p o i n t -  
w ise minimum o f  a  c o l l e c t i o n  o f  l i n e a r  f u n c t i o n s  o f  u, one f o r  each x  i n  
S. Hence the  dua l  i s  w e l l  behaved i n  t h e  sense t h a t  i t  has no l o c a l  
maxima d i s t i n c t  f rom t h e  g l o b a l  maximum. 
I f  h (u )  i s  e v a l u a t e d  f o r  any u0 t h e  r e s u l t  i s  
h  (uO) = f (xO) + uO g  (xO).  
For any o t h e r  u, 
h  (u) 5 f (xO) + ug (xO).  
Therefore ,  
h  (u) - h  (uO) _< (xO) ( u  - uO). 
T h i s  desc r ibes  a  s u p p o r t i n g  hyperp lane t o  t h e  graph o f  h (u )  which 1  ies  
above h  f o r  a1 1  u  2 0  and c o n t a c t s  h (u )  a t  uO. I t  f o l  lows t h a t  g(xO) i s  
a  subgrad ien t  o f  h (u )  a t  u0 and i f  h  were d i f f e r e n t i a b l e  a t  u0 i t s  g r a d i e n t  
would be g(xO) .  Thus, when e v a l u a t i n g  t h e  dua l  f u n c t i o n  a t  a  g i v e n  p o i n t  
i t s  g r a d i e n t ,  i f  i t  e x i s t s ,  i s  r e a d i l y  a t  hand. Hence one approach t o  
maximiz ing t h e  dua l  i s  t o  use a  g r a d i e n t  search techn ique s u i t a b l y  
m o d i f i e d  t o  handle  n o n n e g a t i v i t y  c o n d i t i o n s .  Examples o f  s p e c i f i c  methods 
a r e  g i v e n  i n  Uzawa (1958) and Lasdon (1970). 
F a l k  (1967) shows t h a t  when f i s  s t r i c t l y  convex and g  and S a r e  
convex then  h  has cont inuous f i r s t  p a r t i a l s  f o r  a l l  u  2 0  and hence 
i t s  g r a d i e n t  always e x i s t s .  For nonconvex problems the  g r a d i e n t  need n o t  
e x i s t  a t  a l l  po in t s  and hence convergence o f  a g rad ien t  based search 
cannot be assured. 
Another approach makes use o f  the support i ng hyperplanes which are 
obta ined a f t e r  eva lua t ing  h(u) f o r  any u 2 0 (Zangwil l ,  1969 and Geoffr ion, 
1970). The idea i s  t o  use these hyperplanes as c u t t i n g  planes on the 
f u n c t i o n  h and, as i n  Ke l l ey ' s  a l g o r i t h m  (1960), so lve a se r ies  o f  l i n e a r  
programs, each time generat ing a new se t  o f  u 's,  u n t i l  h  i s  maximized. 
Figure 3.7 shows h(u) f o r  u c R '  and the hyperplanes ( s t r a i g h t  l i n e s )  
obtained a f t e r  two evaluat ions o f  h. I n  general a f t e r  K i t e r a t i o n s  there  
k k  
would be K support hyperplanes t o  h o f  the form h = f ( x  ) + u g(x  ). 
Now h can be approximated as the minimum p o i n t  on these supports f o r  any 
k h(u) - min f ( xk )  + u g (x  ) .  
1l;k~K 
Not ice t h a t  such an approximat ion  always exceeds the t rue  value o f  h as 
shown i n  Fig. 3.7. Maximizing over the approximation t o  h g ives 
Max h(u) max { min f (xk) + u g(xk) ) 
u 2 o  1 1 k s K  
which i s  equivalent  t o  the f o l l o w i n g  c u t t i n g  plane l i n e a r  program, 
CPLP: max v 
k  k  
s . t .  v < f ( x )  + u g(x  ) k=1,. . . ,K 
u 2 0  , v u n r e s t r i c t e d .  
So lv ing  f o r  v  g ives an upper bound on the maximum o f  the dual wh i l e  u 
pr0vide.s the values o f  the dual var iab les  f o r  i t e r a t i o n  K + 1. The dual 
i s  once again evaluated and another c o n s t r a i n t  such as (3.27) i s  added 

t o  the  1 i near  program which i s  re-solved. The a l g o r i t h m  can be stopped 
when v  i s  s u f f i c i e n t l y  c l o s e  t o  t he  bes t  va lue o f  h  found. 
Taking t he  dua l  o f  the c u t t i n g  p lane  LP g ives  t he  f o l l o w i n g  column 
generat  i o n  LP, 
K 
CGLP: min 8 ok f (xk) 
k= 1 
Now a t  eve ry  i t e r a t i o n  a  new column i s  added ins tead  o f  a  c o n s t r a i n t  so 
t h a t  the  s i z e  o f  the  bas is  remains cons tan t .  Th is  i s  the  program a r r i v e d  
a t  b y  Brooks and G e o f f r i o n  (1966) by  approx imat ing  t he  o r i g i n a l  p r ima l  
over  a  s e r i e s  o f  g r i d  p o i n t s  ob ta ined  f rom the f i r s t  K i t e r a t i o n s .  I t  i s  
the e q u i v a l e n t  f o r m u l a t i o n  behind the Dantz ig-Wol fe  Genera l ized L i nea r  
Programming method (Dantzig, 1963) f o r  s o l v i n g  convex nonl  i near programs. 
Remember f o r  convex programs s a t i s f y i n g  a  c o n s t r a i n t  q u a l i f i c a t i o n ,  t he  
maximum o f  t h e  dual  always equals t he  minimum o f  the  p r i m a l .  Dan tz ig  
(1963) and Zangwi 1 1  (1969) show t h a t  f o r  convex programs, s o l u t i o n s  o f  
CPLP (CGLP) w i l l  y i e l d  an i n f i n i t e  sequence o f  dua l  (primal) values which 
c o n t a i n  a  1 i m i t  p o i n t  which so lves  the  dual  ( p r ima l )  when a1 1 c o n s t r a i n t s  
(columns) a r e  kept .  Greenberg and Robbins (1972) show t h a t  t h i s  
convergence p r o p e r t y  f o r  t he  dual  s t i l l  ho lds  even when the p r i m a l  i s  
nonconvex, c o n v e x i t y  be ing  requ i r ed  o n l y  t o  i nsu re  t h a t  no d u a l i t y  
gap occurs.  Thus the c u t t i n g  p lane - LP method produces a  maximum f o r  
h (u )  w i t h  convergence i n  the l i m i t  guaranteed. Note t h a t  the  method 
y i e l d s  a  sequence o f  nonincreas i ng  upper bounds f o r  t he  maximum o f  the  
dual  bu t  t h a t  s t r i c t  improvement o f  t he  dual  w i t h  each i t e r a t i o n  i s  no t  
assured. 
The c u t t i n g  p lane  (column genera t ion )  - LP a l g o r i t h m  should be 
1 1 
s t a r t e d  w i t h  values o f  f ( x  ) and g ( x  ) such t h a t  x1  i s  p r ima l  f e a s i b l e .  
To o b t a i n  such a  s t a r t i n g  p o i n t  the  dual  f u n c t i o n  cou ld  be eva lua ted  f o r  
a  ve r y  l a rge  va lue o f  u. I t  f o l l o w s  f rom the weak d u a l i t y  c o n d i t i o n  t h a t  
i f  the  dual  i s  unbounded then  the  p r ima l  problem i s  i n f e a s i b l e .  For the  
r eg iona l  wastewater t reatment  problem a  s t a r t i n g  p o i n t  can e a s i l y  be 
ob ta ined  by  s imp l y  hav ing  each i n d i v i d u a l  source p rov i de  as much BOD 
removal as poss ib le ,  p r o v i d i n g  t h a t  t h i s  r e s u l t s  i n  a l l  D O  c o n s t r a i n t s  
be ing  s a t i s f i e d .  
Nemhauser and Widhelm (1971) have noted t h a t  such c u t t i n g  plane o r  
column genera t ion  methods tend t o  show s low convergence. They suggest a  
m o d i f i c a t i o n  be made on the cu t s  ( c o n s t r a i n t s )  added so t h a t  t hey  are 
more " c e n t r a l  1 y  loca ted"  i n  mu1 t i p l  i e r  (dual ) space. Eaves and Zangwi 1 1 
(1971) have presented c r i t e r i a  which a l l o w  cu t s  ( c o n s t r a i n t s )  t o  be 
dropped f rom CPLP. 0 '  N e i l  1 (1973) has presented computat i ona l  r e s u l t s  
on c o n s t r a i n t  d ropp ing  and recommends t h a t  the loose c o n s t r a i n t s  o f  CPLP 
(o r  e q u i v a l e n t l y ,  the  nonbas i c  columns o f  CGLP) should  be dropped i f  the 
Eaves-Zangwi l l  c r i t e r i a  a re  met. The advantage o f  dropping cu ts  o r  columns 
i s  t h a t  l ess  computer s torage i s  requ i red .  These re f inements  on the  c u t t i n g  
p lane  - LP procedure have no t  been implemented i n  the  c u r r e n t  s tudy  s ince  
the  computat iona l  r e s u l t s  as presented i n  Chapter 5 show the  method t o  
work q u i t e  s a t i s f a c t o r i l y .  
For the r eg iona l  wastewater t rea tment  problem, e v a l u a t i n g  h ( u )  f o r  
0 0 0 0 0 
any u  w i l l  y i e l d  a  p r i m a l  s o l u t i o n  (y , z , w , yp ) .  




0 g i  = C a.. z  
j = l  IJ  j - b i .  
Then the  procedure f o r  maximiz ing t h e  dual  becomes: 
(1)  A t  the  K th  i t e r a t i o n  so lve  t he  f o l l o w i n g  1 i near  program 
K 
Min C cu,f k  
k= 1 
Le t  t he  dual  v a r i a b l e s  o f  c o n s t r a i n t s  (3.28) be uK+' and the  dual  v a r i a b l e  
o f  c o n s t r a i n t s  (3.29) be v. Let  the  bes t  s o l u t i o n  o f  the dua l  recorded 
so f a r  be h;k. I f  
< h:? + e f o r  some e > 0 then  stop. 
- 
K+l (2)  Evaluate h  ( u  ), fKfl and gK+l. I f  h  (uK+l)  > h* t hen  s e t  h* = 
h (uK+ l ) .  Replace K  b y  K+l and r e t u r n  t o  (1 ) .  
A f t e r  the  dua l  i s  maximized we must check t o  see i f  the o r i g i n a l  
p r i m a l  has been minimized. The procedure i s  as f o l l o w s :  
Denote the  p r ima l  s o l u t i o n  assoc ia ted  w i t h  h:k as f;':, g;k. I f  
I h:k- f:k 1 < 5 
and g  ;k < y f o r  i i=l,. .  . ,M 
where 5, Y > 0  a re  p resc r i bed  to le rances  then f:? i s  the  minimum o f  
the  p r ima l .  
I f  the above c o n d i t i o n s  cannot be met then  t h e  dual  method has f a i l e d  
t o  so lve  the  p r ima l .  However, the  s o l u t i o n  t o  a  mod i f i ed  problem i s  
r e a d i l y  a t  hand. Reca l l  t h a t  t he  r equ i r ed  d i sso l ved  oxygen (DO) improve- 
ments f o r  the  p r i m a l  were denoted by Ac., i = 1, ..., M. Then f:k, g;? i s  
I 
the op t ima l  s o l u t i o n  t o  a  mod i f i ed  p r ima l ,  w i t h  r equ i r ed  DO improvements 
o f  
Aci l  = Ac i - g i "  f o r  i :u,:k > 0  
Ac. '  ( Aci - gi?k f o r  i :u.$: = 0 .  
I I 
I f  these new standards a re  no t  f a r  away f rom the  o r i g i n a l  then  such a  
s o l u t i o n  may be s a t i s f a c t o r y .  I n  f a c t  t h i s  procedure can be c a r r i e d  ou t  
a t  any i t e r a t i o n  o f  t he  dual  max im iza t ion  a lgor i thm,  t h a t  is ,  f o r  any 
k k  k k h  (u ), f and g , 1 2 k 5; K. I n  t h i s  manner s e n s i t i v i t y  i n f o r m a t i o n  
on how the  op t ima l  r e g i o n a l i z a t i o n  p l a n  changes w i t h  changing D O  standards 
can be ob ta ined  w i t h  no e x t r a  e f f o r t .  However, i f  an exac t  s o l u t i o n  t o  
the o r i g i n a l  prob lem i s  des i r ed  t he  methods descr ibed  i n  the f o l l o w i n g  
s e c t i o n  must be employed. 
3.4 S t r u c t u r e  o f  t h e  Dual - Gaps and The i r  Reso lu t i on  
I n  Sec t i on  3.1 i t  was shown how the  success o f  the dual  method 
depended on t he  shape of the  op t ima l  va lue o f  t he  p r ima l  as a  f u n c t i o n  
o f  the  r i g h t  hand s ides  o f  the c o n s t r a i n t s .  I f  the graph above t h i s  curve 
was suppor tab le  when the r i g h t  hand s ides  were zero, then  the  method would 
work. Otherwise, these r i g h t  hand s ides  were i n  a  d u a l i t y  gap. I n  t h i s  
s e c t i o n  the  spec ia l  s t r u c t u r e  o f  the  r eg iona l  wastewater t rea tment  prob lem 
w i l l  be e x p l o i t e d  so t h a t  such gaps may be overcome. 
I f  a p a r t i c u l a r  s e t  o f  y  i = 1,. . .,N i s  chosen such t h a t  c o n s t r a i n t s  i ' 
(3.3) - (3.6) a r e  met then t h i s  amounts t o  s e l e c t i n g  a  f e a s i b l e  r e g i o n a l i z a -  
t i o n  c o n f i g u r a t i o n  s i nce  the  s i z e  o f  a l l  t reatment  f a c i l i t i e s  and p i p i n g  
assignments a re  s p e c i f i e d .  The remain ing problem i s  t o  f i n d  ou t  how much 
BOD t rea tment  each f a c i l i t y  should  supp l y  so t h a t  the  d i sso l ved  oxygen 
goals  a r e  met a t  minimum cos t .  I n  mathematical  programming terms the 
prob lem i s  
N 
Min f y ( z )  = Z T. (2.) + PC 
j = l  J J  
where f (z)  = t rea tment  cos t s  assoc ia ted  w i t h  a  f i x e d  r e g i o n a l  c o n f i g u r a t i o n  
Y 
g i ven  by  y  
PC = a  cons tan t  c o s t  assoc ia ted  w i t h  t h e  r e s u l t i n g  p i p i n g  cos t s  
when y  i s  f i x e d  
and a l l  o t he r  symbols a re  as p r e v i o u s l y  de f ined .  I f  T.(z.) i s  a  convex 
J J  
f u n c t i o n  then  t h i s  i s  a  convex programming problem. E a r l  i e r  i t  was noted 
t h a t  i n  the range above 30 t o  50 percen t  removal (which can be conver ted 
t o  an equ i va l en t  range on BOD discharged, z  s i nce  the i n f l u e n t  BOD i s  j ' 
known) t rea tment  cos ts  a re  convex. There i s  a  number o f  methods which 
can be used t o  s o l v e  convex programs bu t  the one which o b v i o u s l y  comes 
t o  mind i s  based on the dual  methods p r e v i o u s l y  o u t l i n e d .  Since a l l  
f u n c t i o n s  and f e a s i b l e  reg ions a re  convex (and s a t i s f a c t i o n  o f  a  c o n s t r a i n t  
qua1 i f  i c a t i o n  i s  assumed) by  the  Kuhn Tucker Saddle Po in t  Theorem, t he  
dua l  method w i l l  always succeed. The dual  f o r  f i x e d  reg iona l  c o n f i g u r a t i o n ,  
h  (u) can be eva lua ted  b y  s o l v i n g  N  u n i v a r i a t e  m in im iza t ions  as i n  
Y 
hy (u )  = X  m i  n  T . . )  + ( ui a . . )  z  ) -  ui bi  + P C .  
j = l  L  .< z  < U J J  i = 1 IJ j i=l 
YJ- j - y j  
Then the c u t t i n g  p lane  (column genera t ion )  - LP a l g o r i t h m  can be used t o  
maximize h (u )  and f i n d  the  cor responding minimum f o r  f (z ) .  I n  t h i s  fo rm 
Y 
the  dua l  method i s  the same as Dantzig-Wolfe Genera l ized L inear  Programming 
( ~ a n t z  ig, 1963) o r  Zangwi 11's Dual C u t t i n g  Plane Method ( ~ a n g w i  11,  1969). 
To i l l u s t r a t e  the na tu re  o f  t he  dua l  t o  the o v e r a l l  r e g i o n a l  t reatment  
problem, the i n d i v i d u a l  dua ls  f o r  each f e a s i b l e  r eg iona l  c o n f i g u r a t i o n ,  
h  (u), can be p l o t t e d  as shown i n  F ig .  3.8 (assuming u  c R' and a  t o t a l  
Y 
o f  t h r e e  p o s s i b l e  c o n f i g u r a t i o n s ) .  Since each i n d i v i d u a l  dua l  i s  o f  a  
convex p r ima l  the  maximum o f  each g ives  t he  op t ima l  c o s t  assoc ia ted  w i t h  
t h a t  p a r t  i c u l  a r  r eg iona l  conf i g u r a t  ion. These correspond t o  the o rd  i na te  
va lues a, b, and c  i n  F ig .  3.8. The lowest  o f  these values, a, represents  
the  optimum c o n f i g u r a t i o n  and l e v e l  o f  t reatment  f o r  t he  o v e r a l l  problem. 
Now the dua l  t o  t he  o v e r a l l  problem, h(u),  i s  t he  minimum taken over  each 
deg ON qz!~ ualqoAd uo!zez!leuo!6ay e $0 lens aql 8's a~n6!~ 
i n d i v i d u a l  dual  cu rve  f o r  any va lue o f  11, s ince  when h (u )  i s  eva lua ted  
a  m i n i m i z a t i o n  i s  performed over  y  as w e l l  as z. Thus h(u)  i s  shown as 
the  hatched curve i n  F ig .  3.8. Note t h a t  i n  t h i s  example the  maximum o f  
h (u )  has va lue "a" which, as p r e v i o u s l y  shown, i s  the optimum va lue  f o r  
the o v e r a l l  problem. Therefore,  the  dual  method succeeds and no d u a l i t y  
gap r e s u l t s .  However, i f  the i n d i v i d u a l  dua ls  appeared as i n  F ig .  3.9, 
the o v e r a l l  minimum i s  a t  "a" w h i l e  the  maximum o f  h(u)  has va lue d  < a. 
Thus the dual  method f a i l e s  t o  so l ve  the o r i g i n a l  p r ima l .  
Th is  same s t r u c t u r e  can a l s o  be d i sp l ayed  i n  the  M + l  d imensional  
space o f  c o s t  versus va lue  o f  c o n s t r a i n t  (DO improvement). Let  f (z )  
N Y 
be as be fo re  and g . (z )  = C a,. z  - b.. Consider the  o p t i m a l i t y  
I I J  j I j = 1  
f u n c t i o n  g i ven  by 
w  ( r )  = min if (z)  : g ( z )  _c r, L 5 z  5 u y ] .  Y Y Y 
Th is  i s  the lower envelope o f  the  s e t  o f  p o i n t s  P = {[f (z) ,  g ( z ) ]  : 
Y Y 
L  _< z  5 U ] which a re  mapped f rom RN t o  RMf l. As be fo re  w  ( r )  represents  
Y Y Y 
the op t ima l  c o s t  o f  t reatment  as a  f u n c t i o n  o f  d i s s o l v e d  oxygen goals  when 
the  reg iona l  t reatment  f a c i l i t y  p a t t e r n  i s  g i ven  by  y. Note t h a t  r i s  
i n t e r p r e t e d  as the  change i n  the goals f rom what t hey  a r e  i n  the o r i g i n a l  
problem, so w(0) i s  the  optimum s o l u t i o n  f o r  the o r i g i n a l  goa ls .  As was 
mentioned i n  the  rev iew o f  d u a l i t y  concepts, s i n c e  f and g  a re  convex, 
Y 
the f u n c t i o n  w  i s  convex. I f  w  i s  p l o t t e d  f o r  each p o s s i b l e  r eg iona l  
Y Y 
c o n f i g u r a t i o n  y  a  graph such as F ig .  3.10 may r e s u l t  (assuming a  s i n g l e  
c o n s t r a i n t  and t h ree  poss ib l e  c o n f i g u r a t i o n s ) .  The values a, b, and c  
a re  the  op t ima l  cos ts  assoc ia ted  w i t h  each r e g i o n a l  c o n f i g u r a t i o n  f o r  




Now the  o p t i m a l i t y  f u n c t i o n  f o r  the o v e r a l l  prob lem i s  g i ven  by  
~ ( r )  = min w (r) 
Y Y 
and i s  shown as the  cross hatched curve  i n  F ig .  3.10. Note t h a t  w ( r )  
i s  not  convex. Reca l l  t h a t  t he  dual  method at tempts  t o  f i n d  a  suppo r t i ng  
hyperp lane t o  t he  graph o f  w ( r )  a t  [w(0), 01. For t he  example o f  F ig .  
3.10 such a suppor t  e x i s t s  and thus t h e  dual  method i s  success fu l .  
However, i n  Fig.  3.11 no suppor t  e x i s t s  a t  [w(o),  0 )  and t h e  dual  method 
f a i l s ,  r e s u l t i n g  i n  the  lower bound d. 
One method suggested f o r  r e s o l v i n g  d u a l i t y  gaps invo lves  r e p l a c i n g  
the  l i n e a r  suppor t  o f  t h e  Lagrangian by a  n o n l i n e a r  suppor t  o r  n o n l i n e a r  
Lagrangian. The Lagrangian can be w r i t t e n  as 
where now u ( *  ) i s  an  m-valued f unc t i on .  Gould (1969) has shown t h a t  a  
saddle  p o i n t  f o r  t h i s  more genera l  Lagrangian w i l l  so l ve  t h e  o r i g i n a l  
p r i m a l  j u s t  as i n  t he  case when u i s  a  vec to r .  Other p e n a l t y  f u n c t i o n  
concepts have been r e l a t e d  t o  dual  i t y  b y  Bel ltnore e t  a1 . (1970), Bazaraa 
(1973), and Greenberg (1973). A1 gor i thms based on these concepts usual  1  y  
choose some c l a s s  o f  p e n a l t y  f u n c t i o n  descr ibed  up t o  some parameter and 
t hen  v a r y  t h i s  parameter so t h a t  a  suppor t  t o  [w(o), 0 1  i s  achieved. An 
example i s  shown i n  F ig .  3.12 where t h e  non l i nea r  suppor t  i s  a b l e  t o  d i p  
i n t o  t he  gap reg ion .  The prob lem w i t h  these methods i s  t h a t  t he re  i s  no 
guarantee t h a t  a  p a r t i c u l a r  cho ice  o f  p e n a l t y  f u n c t i o n  w i l l  r eso l ve  a  gap. 
I n  a d d i t i o n  t he  n o n l i n e a r i t i e s  in t roduced  des t roy  the s e p a r a b i l i t y  o f  t he  
Lagrangian and make i t s  m i n i m i z a t i o n  much more d i f f i c u l t .  


Another method f o r  gap r e s o l u t i o n  i s  based on a  branch and bound 
approach as suggested by  Greenberg (1969). A  genera l  d i scuss  i o n  o f  branch 
and bound can be found i n  Garf i n k e l  and Nemhauser (1972). I t  i s  based 
on  the  obse rva t i on  t h a t  when i n  a  gap t h e r e  a r e  a t  l e a s t  two reg iona l  
c o n f i g u r a t i o n s  which r e s u l t  when h (u )  i s  eva lua ted  a t  the  maximiz ing u. 
I n  F igs.  3.9 and 3.11 these c o n f i g u r a t i o n s  would be y ( 2 )  and Such 
behav io r  i s  proved f o r m a l l y  i n  the gap d e t e c t i o n  theorems o f  Bel lmore 
e t  a l .  (1970) and Greenberg (1969). 
To demonstrate how t h e  procedure works we wi  1 1  examine the  example 
o f  F ig .  3.9 ( r e f e r  t o  F i g .  3 .13 ) .  A f t e r  we have maximized the  dual  o f  
the  r e g i o n a l  wastewater t reatment  problem we observe t h a t  i t s  va lue  i s  
"dli and t h a t  a  dual  i t y  gap r e s u l t s  ( t he  cor responding p r i m a l  va lue  i s  no t  
equal  t o  t he  maximum o f  t he  dual  and/or the D O  c o n s t r a i n t s  a re  v i o l a t e d ) .  
We no te  t h a t  t h e r e  a r e  two reg iona l  c o n f i g u r a t i o n s  which g i v e  t h i s  value, 
y ( 2 )  and Y ( ~ ) .  For each c o n f i g u r a t i o n  we can so l ve  the  minimum c o s t  degree 
o f  t rea tment  prob lem by  the  dual  method descr ibed  above and o b t a i n  the  
op t ima l  va lues lib" f o r  c o n f i g u r a t i o n s  y (2 )  and "a" f o r  c o n f i g u r a t i o n  y  (3) . 
The lower o f  these, "a" , represents  a  best  f e a s i b l e  s o l u t i o n ,  o r  upper 
bound, f o r  ou r  o v e r a l l  problem, ( I n  f a c t  i t  i s  the op t ima l  s o l u t i o n ;  
however, we cannot v e r i f y  t h i s  a t  t h i s  p o i n t . )  Along w i t h  t h i s  upper 
bound, t he  maximum o f  the dual, "dl', serves as a  lower bound. A1 1 o f  
t h i s  i n f o r m a t i o n  i s  d isp layed  i n  the  top  graph o f  F ig .  3.13. 
To reduce t he  d i f f e r e n c e  between these bounds we proceed w i t h  a  
branching. The s e t  o f  a l l  f e a s i b l e  r e g i o n a l  c o n f i g u r a t i o n s  i s  d i v i d e d  
i n t o  two subsets, one which con ta i ns  y ( 2 )  b u t  n o t  y ( 3 )  and one which 
con ta i ns  y ( 3 )  b u t  no t  Y ( ~ ) .  Over each subset a  new reg iona l  wastewater 
hi? = d, a l t e r n a t e  
reg iona l  conf i u r a t  ions 
are y(2)  and y  3 ) .  
a  
P 
Upper bound = a  
\ h..(3) Lower bound = d  
hf: = b, no gap. 
No i mprovement i n  
upper bound. 
hi? = e, a l t e r n a t e  re iona l  
c n  igura t ions  are ~ $ 1 )  and 
93 f Y -  
No improvement i n  upper bound. 
New lower bound = e  y \ Allow y  A l low y  (1 
bu t  not  y ( ' )  o r  y  bu t  not  y (2)  o r  y  (3) 
h  hy (3) 
a LC hik = a, no u gap. D l )  u  hi? = c, no gap, 
No improvement i n  upper bound = a. 
No more branchings poss i b le ,  there fore  
opt imal value o f  pr imal  = a. 
F igure 3.13 Gap Resolut ion by Branch and Bound as Appl ied t o  
the Problem o f  F igure 3.9 
t rea tment  prob lem i s  created.  These a re  problems l a  and l b  i n  F ig .  3 .13.  
So l v i ng  l a  by the  dual  method r e s u l t s  i n  no gap. I t s  op t ima l  p r ima l  and 
dual  va lue i s  "b" and no improvement i n  the upper bound i s  made. For 
problem l b  another  d u a l i t y  gap r e s u l t s .  The maximum dual  va lue i s  "el' 
and i t  g i ves  us an improved lower bound f o r  the o v e r a l l  problem. The two 
(3) r eg iona l  c o n f i g u r a t i o n s  which r e s u l t  f rom t h i s  gap a re  y ( ' )  and y  . 
So l v i ng  t he  minimum cos t  degree o f  t reatment  problem f o r  each o f  these 
g ives  no improvement i n  the upper bound. 
Next another  branching can be made f r om prob lem l b  c r e a t i n g  problems 
2a and 2b as shown i n  F ig .  3.13. So l v i ng  the reg iona l  wastewater t reatment  
prob lem f o r  each r e s u l t s  i n  no d u a l i t y  gap. There i s  no improvement made 
i n  the upper bound ("a") and s  ince no more branchings can be made we 
conclude t h a t  "a" must be t he  op t ima l  va lue f o r  the  o v e r a l l  r e g i o n a l i z a t i o n  
prob 1 em. 
Th is  example d isp layed  two c h a r a c t e r i s t i c s  which may be mis leading.  
F i r s t ,  s i nce  we assumed t h a t  t he re  were o n l y  t h r e e  f e a s i b l e  r eg iona l  
c o n f i g u r a t i o n s  t h e  branch and bound procedure amounted t o  complete 
enumeration. However, i n  general  t h e r e  cou ld  be a  g r e a t  number o f  o t he r  
c o n f i g u r a t i o n s  whose i n d i v i d u a l  dua l  curves l a y  w e l l  above those o f  F ig .  
3.9 and thus would n o t  en te r  i n t o  the  ana l ys i s .  Second, one may conclude 
t h a t  t he  op t ima l  s o l u t i o n  always corresponded t o  one o f  t he  a l t e r n a t e  
r eg iona l  c o n f i g u r a t i o n s  obta ined a f t e r  the  i n i t i a l  dual  maximizat ion  
as was the case i n  the  example w i t h  y ( 3 ) .  A coun te r  example i s  shown 
i n  F ig .  3.14. 
The computat i ona l  deta i 1s o f  t he  branch and bound gap r e s o l u t i o n  
procedure a r e  as f o l l ows .  Suppose t h a t  the  column gene ra t i on  LP has 
Maximum o f  dual = d 
A l t e r n a t e  conf igurat ions a r e  y (2 )  and y  (3)  0 (4) Minimum o f  pr imal  = e and corresponds t o  c o n f i g u r a t i o n  y  . 
Figure 3 .14  A Counter Example t o  the Dual i t y  Gap o f  F igure 3 . 9  
maximized the  dual  o f  the r e g i o n a l i z a t i o n  problem i n  K i t e r a t i o n s  and a  
d u a l i t y  gap r e s u l t s .  Denote the maximum o f  the dual  as hf: w i t h  dual  
v a r i a b l e s  u;k and reg iona l  t reatment  p l a n t  c o n f i g u r a t i o n  y::. There should  
be an i t e r a t i o n  c l o s e  t o  K which has dual  va lue equal ( o r  v e r y  c l ose )  t o  
h;? b u t  a  d i f f e r e n t  c o n f i g u r a t i o n  than  y;?. I f  t h i s  s imp le  exsmina t ion  
f a i l s  t o  produce an a l t e r n a t e  c o n f i g u r a t i o n  (and i t  has never done so i n  
p r a c t i c e  ye t )  then one can (a) p e r t u r b  u;': s l i g h t l y  and eva lua te  the dual  
so t h a t  i t  i s  c l o s e  t o  h;? bu t  produces a  d i f f e r e n t  r eg iona l  c o n f i g u r a t i o n  
than yi':; (b) f o r  u* f i n d  the  second bes t  s o l u t i o n  t o  the  e v a l u a t i o n  o f  the  
dual  f u n c t i o n  by  us i ng  a  method t o  f i n d  the  k t h  bes t  s o l u t i o n  t o  a  dynamic 
program (see Elmaghraby, 1970, f o r  example). Now the  minimum c o s t  degree 
o f  t rea tment  prob lem i s  so lved  f o r  each c o n f i g u r a t i o n  by  the method 
descr ibed  a t  the  beg inn ing  o f  t h i s  sec t ion .  We denote these s o l u t i o n s  
as f;': 1 and fit: 2. The s o l u t i o n  w i t h  lower c o s t  i s  the bes t  upper bound y;k y;': 
on the s o l u t i o n  t o  the  o v e r a l l  r eg i ona l  t reatment  problem w h i l e  the  maximum 
of  the  dua 1, hik, i s  a  1 ower bound. 
~ l ' t h o u ~ h  the  bes t  b ranch ing  r u l e  t o  use i s  no t  obvious, i t  i s  c l e a r  
t h a t  the  a1 lowable s e t  o f  r eg i ona l  c o n f i g u r a t i o n s  should  be s p l  i t  i n t o  two 
m u t u a l l y  e x c l u s i v e  and c o l l e c t i v e l y  exhaus t i ve  sets ,  one c o n t a i n i n g  y;? 1 
1 b u t  no t  y"2 and the  o the r  y;?2 b u t  no t  y* . Now the  dual  o f  the r e g i o n a l i -  
z a t i o n  prob lem is re -so lved  over each o f  these subsets.  I t s  maximum va lue 
i s  a  p o t e n t i a l  improvement on the  c u r r e n t  lower bound. I f  no d u a l i t y  gap 
occurs then t h i s  va lue  i s  a l s o  a  p o t e n t i a l  improvement on the  upper bound. 
I f  a  d u a l i t y  gap does occur then t he re  w i l l  be another  p a i r  o f  r eg i ona l  
c o n f i g u r a t i o n s  i d e n t i f i e d .  So l v i ng  the  degree o f  t reatment  prob lem f o r  
each o f  these c o n f i g u r a t i o n s  can r e s u l t  i n  p o t e n t i a l  improvement i n  the 
upper bound. Then t h i s  subset can be p a r t i t i o n e d  i n t o  two more subsets 
and the procedure continued. There i s  no add i t i ona l  branching from a  
subset whenever the maximum o f  i t s  dual i s  greater  than the cu r ren t  
upper bound o r  when no d u a l i t y  gap r e s u l t s .  The procedure ends when no 
more branch ings can be made o r  when the lower and upper bounds are c lose  
enough together.  
One means f o r  p a r t i t i o n i n g  the s e t  o f  f e a s i b l e  regional  
con f i gu ra t i ons  i n t o  subsets i s  as fo l lows.  When the two a l t e r n a t e  
con f i gu ra t i ons  are i d e n t i f i e d  they must d i f f e r  i n  a t  l eas t  two components. 
Select  some component o f  y, say yR , a t  which a  d i f f e rence  occurs. Suppose 
-1. 9: ;'c2 a 1 
fy,"*2 > f y  a1 and 0  < yR < yR . Now the a l lowable se t  o f  regional  
con f i gu ra t i ons  can be p a r t i t i o n e d  i n t o  two subsets, one having 
and the other  
The reg iona l  treatment problem associated w i t h  each subset i s  solved by 
the dual method where the above cond i t ions  serve as bounds on the a l lowable 
s i z e  o f  treatment p l a n t  f o r  l o c a t i o n  R and o f f e r  no problem when eva lua t ing  
the dual f unc t i on  by dynamic programming. Note t h a t  since the s t a t e  space 
and the a l lowable p l a n t  sizes are d i s c r e t e  the above p a r t i t i o n i n g  assures 
t h a t  the subsets are mutua l ly  exc lus ive  and c o l l e c t i v e l y  exhaustive. 
Since the number o f  regional  conf igura t ions  i s  f i n i t e  the procedure w i l l  
eventual 1 y  terminate when: 
(1) the dual method solves one subset problem w i t h  no dual i t y  
gap and the value o f  t h i s  s o l u t i o n  i s  greater  than o r  
equal t o  the c u r r e n t  lower bound and less  than  o r  equal 
t o  the c u r r e n t  upper bound and 
(2) a l l  o t h e r  subset problems have dual  s o l u t i o n  values 
g r e a t e r  than t h i s  value. 
I n  terms o f  f - g  space the branching serves t o  remove some reg iona l  
con f  i g u r a t  ions f rom cons i d e r a t  i o n  and thus changes the  shape o f  w ( r )  t o  
pe rm i t  a  suppor t  a t  [w(o), 01. Th is  branch and bound method f o r  gap 
r e s o l u t i o n  produces a  sequence o f  f e a s i b l e  s o l u t i o n s  a l ong  w i t h  lower 
bounds t o  the o v e r a l l  r eg i ona l  wastewater t reatment  problem. Thus, i t  
may be te rmina ted  whenever the lowest  va lue o f  a  f e a s i b l e  s o l h t i o n  i s  
c l o s e  enough t o  t he  lower bound ensu r i ng  t h a t  the s o l u t i o n  i s  n o  worse 
than a  known percentage o f  the optimum. 
3.5 Complete S o l u t i o n  A l g o r i t h m  
I n i t i a l i z a t i o n :  Lower bound = - m  
Upper bound = +a 
Dual Sol u t  i o n  Phase : 
Step 1 - Maximize the dual  o f  the r eg iona l  wastewater t reatment  
prob lem by the  column gene ra t i on  LP as o u t l i n e d  i n  Sec t ion  3.3. The dual  
f u n c t i o n  i s  eva lua ted  by s o l v i n g  a  d i s c r e t e  dynamic p r o g r a m i n g  problem 
as d iscussed i n  Sec t ion  3.2. Let  the maximum o f  the dual  be h;k and the 
cor responding p r ima l  s o l u t i o n  be (y*, z;k) w i t h  o b j e c t i v e  f u n c t i o n  va lue 
-1. 
o f  fit and D O  c o n s t r a i n t  values o f  g.d', i = 1 ,..., M. 
I 
Eva lua t i on  Phase: 
Step 2  - Determine i f  the dual  method has so lved  the  p r ima l  w i t hou t  
any d u a l i t y  gap by  see ing i f  f;? i s  c l o s e  enough t o  h;: and a l l  D O  c o n s t r a i n t s  
are c lose  enough t o  f e a s i b i l i t y .  I f  so then conclude t h a t  (y;k, z;k) 
solves the r e g i o n a l i z a t i o n  problem. 
Step 3 - I f  a d u a l i t y  gap e x i s t s  then determine what d issolved 
oxygen goals (yy:, 25:) (or any o ther  p r ima l  s o l u t i o n  generated) solves 
f o r  o p t i m a l l y  by examining Ac - g .  I f  such a s o l u t i o n  i s  s a t i s f a c t o r y  
then stop here. Otherwise p lace t h i s  problem and a1 1 i t s  in fo rmat ion  i n  
a 1 i s t .  
Branch and Bound Phase: 
Step 4 - Remove from the l i s t  the r e g i o n a l i z a t i o n  problem w i t h  the 
lowest hy: value. I f  the l i s t  i s  empty then the problem i s  solved. I f  
hi': > lower bound then set  'lower bound = hi';. I d e n t i f y  two a1 t e r n a t i v e  
regional  i z a t  ion conf i gu ra t  ions wh i c h  led  t o  h;k. Denote these conf i gu ra t  ions 
;'i 1 ;'i2 
as y , y and solve the minimum cos t  degree o f  treatment problem f o r  
each by the convex programming method suggested i n  Sect ion 3.4. Let these 
-1. -1. 
so lu t i ons  have values f";kl and f"ik2. I f  the smal ler  o f  these i s  less 
Y Y 
than the  cu r ren t  upper bound then replace the upper bound w i t h  i t  and 
record a l l  s o l u t i o n  in format ion.  I f  the upper bound i s  c lose  enough t o  
the lower bound then stop here. 
Step 5 - Construct two new reg iona l  wastewater treatment problems 
by adding bounds on the a l lowable s i z e  o f  treatment p l a n t  a t  some l o c a t i o n  
9: 2  
so t h a t  y*l and y cannot be feas ib le  i n  the same problem (see the 
method suggested i n  Sect ion 3.4). 
Step 6 - Maximize the dual f o r  each problem as i n  Step 1. I f  no 
gap e x i s t s  then i f  h;k < upper bound l e t  upper bound = h;k and record a1 1 
s o l u t i o n  in format ion.  I f  there i s  a gap and hi': < upper bound then put  
t h i s  problem and i t s  in format ion i n t o  the l i s t .  Go t o  Step 4. 
3.6 Computat i o n a l  Cons i d e r a t  ions 
When s o l v i n g  t he  a l g o r i t h m  presented i n  t he  p rev ious  s e c t i o n  t he re  
a r e  severa l  procedures which have t he  p o t e n t i a l  f o r  reduc ing  computat iona l  
t ime. Whenever a  branching occurs t h e r e  a re  two a d d i t i o n a l  problems 
c rea ted  which must have t h e i r  dua ls  maximized. Th is  b ranch ing  was 
necessary because t h e r e  were two a l t e r n a t e  r eg iona l  c o n f i g u r a t i o n  
s o l u t i o n s  when t he  p rev ious  dual  problem was maximized. The a l g o r i t h m  
requ i r es  t h a t  each o f  these c o n f i g u r a t i o n s  be so lved  f o r  t he  optimum 
degree o f  t reatment  t o  meet t he  water  q u a l i t y  goals  by  convex p r o g r a m i n g .  
One can then  use the  op t ima l  dual  v a r i a b l e s  assoc ia ted  w i t h  bo th  o f  these 
problems t o  beg in  the  dual  max im iza t ion  o f  the problems c rea ted  a f t e r  
branching. As i s  e v i d e n t  f rom Fig .  3.9 these s t a r t i n g  dual  v a r i a b l e  
values w i l l  b racke t  t he  op t ima l  dual  s o l u t i o n  t o  the  succeeding r e g i o n a l i -  
za t  i o n  problems generated b y  t he  b ranch ing  process. Thus s t a r t i n g  w i t h  
these va lues r a t h e r  than a r b i t r a r i l y  l a rge  values o f  the dual  v a r i a b l e s  
as would no rma l l y  be done can p o s s i b l y  save t ime when maximiz ing the dua l .  . 
Another f a c t  t o  n o t i c e  i s  t h a t  when maximizing t h e  dual  f o r  a  
problem c rea ted  b y  the branching process i t  may no t  be necessary t o  f i n d  
the ac tua l  maximum va lue.  Once a dual  va lue i s  found which exceeds the  
c u r r e n t  upper bound f o r  the  o v e r a l l  problem, computat ions can t e rm ina te  
s i nce  t h i s  subset o f  s o l u t i o n s  can never g i v e  a  s o l u t i o n  less  c o s t l y  
than one a1 ready a t  hand. 
A f t e r  s o l v i n g  t he  dual  o f  the  o r i g i n a l  r e g i o n a l i z a t i o n  problem 
(o r  severa l  subsequent problems generated by  branching)  one may no t  i c e  
t h a t  most o f  the op t ima l  dual  v a r i a b l e s  a re  zero. Th is  imp l ies  t h a t  
the cor responding c o n s t r a i n t s  i n  the column generat ion-LP a re  s t r i c t l y  
s a t i s f i e d ,  e.g. 
K k C ak gi < 0 f o r  i e I  
k= 1 
where I = { i : u i  = 0). One s t r a t e g y  f o r  reducing computations i s  t o  
r e s t r i c t  the dual maximizat ion t o  o n l y  those u. not  i n  I, whi le  s e t t i n g  
I 
the  others equal t o  zero. This i s  equ iva len t  t o  r e l a x i n g  the column 
genera t ion  LP t o  inc lude o n l y  those cons t ra in t s  w i t h  index not  i n  I, 
and thus reduces the s i z e  o f  the basis.  However, upon complet ing the 
o p t i m i z a t i o n  one must check whether the r e s t r i c t  i on  ( r e l a x a t  ion) was 
v a l i d  by seeing if (3.30) a c t u a l l y  does hold.  I f  not, then the procedure 
must be cont inued and a c o n s t r a i n t  which was v i o l a t e d  must be introduced 
i n t o  CGLP wh i l e  i t s  corresponding dual v a r i a b l e  i s  released from i t s  value 
o f  0. Fur ther  d e t a i l s  o f  r e s t r i c t  ion  and r e l a x a t i o n  s t r a t e g i e s  can be 
found i n  Geo f f r i on  (1970). 
Most o f  the a lgo r i t hm 's  computat ion t ime would probably  be spent i n  
eva lua t i ng  the dual f u n c t i o n  a t  each i t e r a t i o n  by dynamic programming. 
A poss ib le  means f o r  reducing t h i s  e f f o r t  could be the use o f  d i s c r e t e  
d i f f e r e n t i a l  dynamic programming (DDDP) (Heidar i  e t  a l . ,  1971). DDDP i s  
an i t e r a t i v e  process which s t a r t s  w i t h  a t r i a l  s t a t e  path through the 
s t a t e  space and performs convent ional  dynamic programming over those 
s ta tes  i n  the neighborhood o f  t h i s  path. A l o c a l l y  improved s o l u t i o n  i s  
obta ined which then becomes the t r i a l  pa th  on the next i t e r a t i o n .  Using 
t h i s  method a l o c a l  optimum can be found i n  a r e l a t i v e l y  sho r t  t ;me, 
p r o v i d i n g  the i n i t i a l  t r i a l  path i s  c lose  t o  opt imal .  Although l o c a l  
minima are  o f  no use i n  eva lua t i ng  our dual funct ion,  DDDP might s t i l l  
be valuable. Some app l i ca t i ons  o f  the a l g o r i t h m  have shown t h a t  i n  
maximizing the dual the reg iona l  f a c i  1 i t y  pa t te rns  produced by dynamic 
programming a t  each i t e r a t i o n  q u i c k l y  converge t o  one or  more pat terns 
which have neighboring paths i n  the s t a t e  space (see Sect ion 5.2) .  A 
poss ib le  s t r a t e g y  f o r  u t i l i z i n g  DDDP i n  maximizing the dual would be t o  
use convent ional  dynamic p rog raming  f o r  the f i r s t  few i t e r a t i o n s  u n t i l  
those f a c i l  i t y  pa t te rns  are es tab l  ished which are w i t h i n  the v i c i n i t y  
o f  the pa t te rns  which maximize the  dual.  Then i n  subsequent i t e r a t i o n s  
DDDP cou ld  be used f o r  eva lua t ing  the dual f u n c t i o n  w i t h  i t s  associated 
reduct ion  i n  computation t i m e .  
I n  the case where the treatment cos t  func t ions  are piecewise l i n e a r  
w i t h  respect t o  BOD removal the s o l u t i o n  a lgor i thms may have t o  be 
augmented. Assume t h a t  such func t ions  are described w i t h  a  s i n g l e  l i n e a r  
segment (what fo l lows w i l l  a l s o  ho ld  t r u e  f o r  more than one segment as 
long as they form a  convex func t i on ) .  Then when eva lua t ing  the dual 
funct ion,  a t  the  step where the opt imal degree o f  treatment i s  computed 
a  s o l u t i o n  t o  the f o l l o w i n g  is  requ i red  
w. ( l  - u.) 22. s w . ( l  - L ~ ) .  
J J J J 
Since T  i s  1 inear  i n  z  when bT./bz i s  d i f f e r e n t  from - C u. a.. j j ' J j i = 1 I IJ 
the  opt imal z; w i l l  be a t  one o f  i t s  bounds. However, when 
M' 
bT./bz = - C u. a.. then z. can be anywhere between i t s  bounds. 
J j ;=I I IJ J 
Whatever value i s  chosen w i l l  not a f f e c t  the value o f  the dual f unc t i on  
but  i t  w i l l  a f f e c t  the value of the d issolved oxygen cons t ra in t s  
Suppose t h a t  the dual has been maximized and such an indeterminate z j 
ex i s t s .  Then the problem i s  t o  f i n d  the z which preserves feas i b i l  i t y  j 
a t  minimum cost.  
Recal l  t ha t  f o r  the program 
Min f (x) s . t .  g (x )  SO, x s S 
i f  the dual method works then a Lagrangian saddle p o i n t  (x:':,u;k) i s  found 
such t h a t  
(1) x;k minimizes f ( x )  + uikg(x) over S 
(2) ui': 2 0 and (x:?) 0 
For the r e g i o n a l i z a t i o n  problem, a f t e r  the dual has been maximized and 
assuming no dual i t y  gap, i f  some z ' s  a re  indeterminate i n  the sense j 
described above then these three o p t i m a l i t y  cond i t ions  can be imposed 
t o  f i n d  t h e i r  opt imal values. We solve the l i n e a r  program 
Minimize X T. (2.) 
j EJ J J  
- 
Subject t o  X a..z + X a..z - b i  { = O  i e I  
j eJ I J  j jkJ I J  j - < O  i . B ?  
where i = f i  :u. > 03 and J = [j :z indeterminate]. Note t h a t  the z 
I j j ' 
j 6 J, which appear i n  the cons t ra in t s  have t h e i r  values a l ready known. 
Likewise the regional  f a c i l i t y  pat tern,  i t s  c o n t r i b u t i o n  t o  the o b j e c t i v e  
func t i on  and t o  w. a re  a l s o  known. I f  a dual i t y  gap ex i s ted  then t h i s  
J  
program would not have a feas ib le  so lu t i on .  I n  p rac t ice ,  due t o  computer 
round-off, i t  would probably be d i f f i c u l t  t o  i d e n t i f y  such indeterminate 
v a r i a b l e s  and thus i t  would be s a f e s t  t o  so lve  t he  above L P  f o r  a l l  
z  , j = 1 , .  , N. The above cons i d e r a t  ions a re  a l s o  r e q u i r e d  when the  j 
dual  method (o r  equ i va len t l y ,  the  Dantzig-Wolfe General ized LP method) 
i s  used i n  t he  d u a l i t y  gap r e s o l u t i o n  procedure t o  f i n d  the  minimum c o s t  
degree o f  t reatment  f o r  a  g i ven  reg iona l  c o n f i g u r a t i o n .  
A1 though the e n t i r e  dual  maximizat ion - branch and bound a l g o r i t h m  
cou ld  be programmed i n  c losed  form f o r  d i r e c t  implementat ion on a  d i g i t a l  
computer, a  s imp le r  b u t  more f l e x i b l e  approach can be used. A s i n g l e  
program can be w r i t t e n  which maximizes the  dual o f  the r e g i o n a l i z a t i o n  
problem and so lves t he  minimum c o s t  degree o f  t reatment  prob lem f o r  a  
f i x e d  reg iona l  c o n f i g u r a t i o n .  Both problems use the same bas ic  i npu t  
da ta  concern ing waste source in fo rmat ion ,  DO t r a n s f e r  c o e f f i c i e n t s ,  and 
requ i red  DO improvements. For the  r e g i o n a l i z a t i o n  prob lem these data would 
be augmented w i t h  the  bounds on the  a1 lowable s i z e  o f  t reatment  p l a n t  a t  
c e r t a i n  l o c a t i o n s  as requ i red  i n  the branch and bound procedure. For the 
degree o f  t reatment  problem w i t h  f i x e d  reg iona l  c o n f i g u r a t i o n ,  these data 
a.reaugmented w i t h  t he  reg iona l  c o n f i g u r a t i o n  be ing  so lved  f o r  ( i .e . ,  the 
s i z e  o f  t reatment  p l a n t  a t  each l o c a t i o n ) .  The program would work 
e s s e n t i a l l y  the same f o r  bo th  problems (i.e., per fo rming  a  dual  maximiza- 
t i o n  us ing  a  column genera t ion  LP) o n l y  the reg iona l  i z a t  i o n  problem would 
have i t s  dual  eva lua ted  b y  dynamic programming as descr ibed  i n  Sect i o n  3.2 
w h i l e  the  degree o f  t reatment prob lem would have i t s  dual  eva lua ted  by  a  
s e r i e s  o f  u n i v a r i a t e  m in im iza t  ions as descr ibed i n  Sec t ion  3.4. 
Wi th  such a  program the  ana l ys t  would per fo rm the var ious  bookkeeping 
and branching dec is  ions by  hand. By d i r e c t  examinat i o n  o f  the ou tpu t  f rom 
a  dual  max imiza t ion  he cou ld  observe i f  a  d u a l i t y  gap occurred, what the  
r e s u l t i n g  a l t e r n a t e  regional  conf igura t ions  were and what modi f ied DO 
goals had been solved f o r  op t ima l l y .  From a research p o i n t  o f  view 
t h i s  approach permi ts  easy experimentat ion w i t h  d i f f e r e n t  branching and 
p a r t i t i o n i n g  ru les.  From an implementation p o i n t  o f  view i t  al lows the 
ana lys t  t o  make j ud i c ious  choices f o r  branchings and p a r t  i t  ionings based 
on h i s  i n s i g h t  i n t o  the  problem. O f  course i f  the number of branchings 
became very  la rge  the process would become unwieldy f o r  the  ana lys t  
( t o  say no th ing  o f  the  large computation t ime involved).  However, as 
demonstrated i n  Chapter 5 ,  i t  appears t h a t  i n  general o n l y  a few 
branchings w i l l  be requi red t o  e i t h e r  so lve  a regional  i z a t i o n  problem 
o r  o b t a i n  very t i g h t  bounds. 
CHAPTER 4. EXTENSIONS OF THE MODEL 
4.1 Branched Sys tems 
I n  t he  problem f o r m u l a t i o n  descr ibed  i n  Chapter 2 i t  was requ i r ed  
t h a t  the waste sources l i e  on a  l i n e a r  c o n f i g u r a t i o n  (o r  a  d i s c r e t e  number 
o f  independent 1 i near  c o n f i g u r a t i o n s )  a l ong  the  r i v e r .  I n  t h i s  s e c t i o n  
t h i s  r e s t r i c t i o n  i s  re laxed  t o  a l l o w  the  sources t o  have a  branched 
c o n f i g u r a t i o n  as shown i n  F ig .  4.1. The f o l l o w i n g  a n a l y s i s  w i l l  a p p l y  
t o  t he  case o f  a  s i n g l e  branch o n l y  b u t  the genera l  idea can be extended 
f o r  m u l t i p l e  branches. 
Consider the  s i n g l e  branch source c o n f i g u r a t i o n  o f  F ig .  4.2 The 
sources a l ong  the  main stem have been numbered i n  o r d e r  s t a r t i n g  w i t h  the  
upstream source w h i l e  the  branch sources a re  denoted w i t h  pr imes. I n  
general ,  l e t  t he re  be j = 1, ..., L  sources on the  main stem up t o  the 
i n t e r s e c t i o n  w i t h  the  branch, j = L  + 1,. . . ,N remain ing sources on the  
stem, and j = l', ..., N' sources on t he  branch. Each source i s  a  p o t e n t i a l  
l o c a t i o n  f o r  a  r eg iona l  p l a n t  and the same r e g i o n a l i z a t i o n  r e s t r i c t i o n s  
a p p l y  as be fo re  - bypassing o f  sources i s  no t  p e r m i t t e d  and t reatment  
p l a n t s  must be l a r g e  enough t o  accommodate a t  l e a s t  t he  f l o w  p iped  i n  
f rom o the r  l oca t i ons .  I n  the unbranched problem t h i s  was s u f f i c i e n t  t o  
a l l o w  c a l c u l a t i o n  o f  t h e  BOD e n t e r i n g  p l a n t  j based on knowledge o f  t he  
f l o w  t r e a t e d  a t  and upstream o f  j. However, t h i s  i s  no longer  so f o r  the  
branched problem. The ques t i on  a r i s e s  as t o  the  o rde r  o f  p i p i n g  between 
the  branch and the  main stem. For example, f o r  the  system i n  F ig .  4.2, 
i f  a  p l a n t  i s  b u i l t  a t  l o c a t i o n  1 w i t h  c a p a c i t y  g r e a t e r  than  q  1 + q 2  
then  i t  i s  no t  c l e a r  whether the excess c a p a c i t y  t r e a t s  f l o w  f rom source 3, 
source 2 '  o r  some combinat ion o f  these. Another r e s t r i c t i o n  must be 


s p e c i f i e d  t o  resolve t h i s  quest ion. 
One approach i s  t o  f i x  the a l lowab le  order  o f  p i p i n g  i n  advance. 
For instance one could demand the f o l l o w i n g  two cond i t ions :  ( i )  The 
order o f  p i p i n g  t o  l o c a t i o n  1 '  i s  11,2', ..., N', L + 1, L + 2, ..., N. 
(This impl ies t h a t  sources 1,2, ..., L cannot send t h e i r  wastes t o  any 
l o c a t i o n  11,2',.. . ,N' on the branch. This omission i s  made here t o  
s i m p l i f y  the n o t a t i o n  but  i n  ac tua l  p r a c t i c e  one could a l l o w  these 
sources t o  sh ip  t o  loca t ions  on the  branch prov ided the order  w i t h  
respect t o  the sources L + I,. . . , N i s  spec i f ied . )  ( i  i )  The order o f  
p i p i n g  t o  l o c a t i o n  1 i s  1,2, ..., L, any waste generated from the branch 
sources and not t rea ted  on the branch, L + 1, ..., N. With these s p e c i f i -  
cat ions, the r e g i o n a l i z a t i o n  problem can be w r i t t e n  as a  mathematical 
program s i m i l a r  t o  t h a t  i n  Sect ion 2.5 w i t h  the var iab les  (y, z, w, and 
yp) denot ing loca t ions  on the main stem and (y ' ,  z ' ,  w' ,  and y p ' )  
des ignat  ing  l oca t  ions on the branch. The d  issolved oxygen requi rements 
would appear as 
C a.. (s - z.) + C ai j  (sjl - z!) 2 Aci I 
j = l  I J  j J j = l  J 
where there  are M po in ts  on the main stem o f  the r i v e r  and M I  po in t s  on 
the t r i b u t a r y  f o r  which d isso lved oxygen goals a re  spec i f ied .  In t roduc ing  
M + M '  dual var iables,  a  dual f u n c t i o n  can be formed as i n  Sect ion 3.2. 
To evaluate the dual f u n c t i o n  a  quasi- two-state v a r i a b l e  dynamic 
program must be solved. We begin w i t h  the branch loca t ions  l', ..., N' 
and solve the f o l l o w i n g  recurs ion  
where t he  i n i t i a l  cond i t i ons  are 
A A 
and t he  f i n a l  c o n d i t i o n  i s  f r e e ;  t h a t  i s  FNl (yb,) i s  v a r i a b l e  i n  yh,. 
N' N A 
The s t a t e  space [o, X qi + Z q i ]  i s  d i s c r e t i z e d  and thus y;, takes 
i = l  1 i=L+1 
on d i s c r e t e  values i n  t h i s  i n t e r v a l .  The r e t u r n  f u n c t i o n  i s  as be fo re  
A M+M ' 
~ ( y j ,  YJ!) = min { P. (yp!) + T  ( y '  z '  w ! )  + ( X ui a..) z '  ] 
z ' J J  j j' j' J i = l  I J  j j 
J 
s . t .  yp j  = X q i  - Yj A '  
i = l  ' 
where the f u n c t i o n  W'(.) i s  obtained by p l o t t i n g  ega ins t  C s  
i = l  ' i 
as j runs from 1 '  t o  N' and then con t i nu ing  from L  + 1 t o  N. 
A 
For each r e s u l t i n g  y '  a  dynamic p rog raming  recurs i on  i s  solved N'  
over loca t ions  1 t o  N w i t h  the source waste q u a n t i t i e s  a t  loca t ions  L  + 1 
t o  N modif ied as fo l lows.  Let 
N'  A 
S '  = W'( z q.)  - W '  (YI;'). I i = l  ' 
I f  Q' 2 0 then the source f l o w  a t  loca t  ion  L  + 1 becomes Q'  + 4 ~ + 1  and 
the  source BOD becomes S '  + s  L+l . I f  Q' < 0  then beginning a t  source 
L  + 1 and cont inu ing  t o  source N the source waste q u a n t i t i e s  a re  reduced 
(poss ib l y  t o  zero) by amounts Qr and S ' .  I n  o ther  words, w i t h  reference 
t o  Fig. 4.2, i f  Q' was -20 mgd and q  and q  were 10 mgd and 30 mgd 3 4 
r e s p e c t i v e l y  then q  would become zero and q  would become 20 mgd. 3 4  
The recurs ion  r e l a t i o n  i s  now a  func t i on  o f  y '  N' 
s . t .  cons t ra in t s  s i m i l a r  t o  (4.1 t o  4.4) where q  f o r  j = L  + 1, ... ,N j 
i s  a  f u n c t i o n  o f  y '  as described above. S im i l a r l y ,  when eva lua t ing  the N' 
A 
r e t u r n  f u n c t i o n  R(y , y.; yN,) the f u n c t i o n  W(.) i s  a l s o  a  func t i on  o f  j~ 
y i ,  s ince  the source BOD'S  f o r  loca t ions  L  + 1, ... ,N have been modi f ied 
A 
= as described above. The i n i t i a l  cond i t ions  are yo = 0, Fo(O, yNl) 
A l FNl (yNl) and the f i n a l  cond i t i on  i s  
A 
where the  q. ( i  = L + 1  ,. . . ,N) a r e  the  modif  i ed  values depending on y '  
I N' ' 
F i n a l l y  t h e  va lue  o f  the  dual  f u n c t i o n  i s  g i ven  by  
The remain ing s teps f o r  s o l v i n g  the r e g i o n a l i z a t i o n  problem are  as 
descr ibed  i n  Chapter 3. 
The i n t r o d u c t i o n  o f  a  s i n g l e  branch has increased computat ions i n  
e v a l u a t i n g  the dual  by  a  f a c t o r  equal t o  the  number o f  p o s s i b l e  values 
A 
o f  yk l .  I f  more than  one branch i s  cons idered t h e  computat ions wi  11 
increase i n  an exponen t ia l  manner. A p o t e n t i a l  method f o r  reduc ing  
A A 
computat ions i s  the use o f  F ibonacc i  search t o  min imize F  ( y  ' y '  , )  over  N  N' N  
A 
y;,, assuming i t  i s  unimodal. I n  any event, the  s i g n i f i c a n t  increase i n  
e f f o r t  r equ i r ed  t o  eva lua te  the dual  f u n c t i o n  coupled w i t h  the  f a c t  t h a t  
the  dual  must be eva lua ted  a  number o f  t imes poses s e r i o u s  t h r e a t s  t o  the 
computat iona l  feas i b i l  i t y  o f  ex tend ing  the  method t o  branched systems. 
We now demonstrate how the  methodology o f  Chapter 3 cou ld  be a p p l i e d  
t o  a  more genera l  f o r m u l a t i o n  o f  the  r e g i o n a l i z a t i o n  problem. We assume 
t h a t  t he re  a re  N  source l o c a t i o n s  and each i s  a  p o t e n t i a l  l o c a t i o n  f o r  a  
r eg iona l  p l a n t .  Each source produces q  mgd o f  was te f low w i t h  a  BOD j 
c o n c e n t r a t i o n  o f  s l b / m i l  ga l .  The sources need n o t  have a  l i n e a r  j 
c o n f i g u r a t i o n .  Denote the f l o w  p iped  f r om l o c a t i o n  j t o  l o c a t i o n  k  as 
ypjk and the  assoc ia ted  cos t  as P (ypjk). The r e s u l t i n g  mathematical j k  
program i s  
N N  N 
Min imize Cost = X P. (yp. ) + X Tj(y j ,  zj, wj) 
j = l  k = l  ~k  ~k  j = l  
Subject  t o  
x a.. (qj s j  - 2 . )  _> Aci 
j = l  I J  J  
where T. ( a ) ,  yj, zj, wj, Lj, Uj, a .  , and PC. a r e  p r e v i o u s l y  de f ined .  
J  I J  I 
The o b j e c t i v e  f u n c t i o n  c o n s i s t s  o f  t he  p i p i n g  cos t s  p l u s  t he  t rea tment  
p l a n t  cos ts .  Cons t ra i n t  (4.5) r equ i r es  t h a t  a1 1  source f l o w  be passed 
through a  t reatment  p l a n t .  Eq. (4.6) determines the  q u a n t i t y  o f  f l o w  t o  
be t r e a t e d  a t  any l o c a t i o n  w h i l e  (4.7) determines the  assoc ia ted  i n f l u e n t  
BOD. Cons t ra i n t s  (4.8) and (4.9) p u t  1 i m i t s  on a1 lowable BOD removal and 
r e q u i  r e  nonnegat i v i  ty,  r e s p e c t i v e l y .  Cons t ra i n t  (4.10) i s  the D O  improve- 
ment requirement.  Note t h a t  i n  t h i s  f o r m u l a t i o n  f l ows  which may be p iped 
over  common rou tes  a re  no t  combined i n  a  s i n g l e  p ipe.  S p e c i f y i n g  each 
ypj and z. determines a  s o l u t i o n .  J  
To so l ve  the above program us ing  t he  dual  method o f  Chapter 3 
r equ i r es  t h a t  the  f o l l o w i n g  dual  f u n c t i o n  be formed: 
h(u)  = m i n  X  X  P. (yp. ) + B [ ~ . ( y ,  zj, wj) + ( X u i  a..) z . ]  
~k  ~k  j=l J j yp,z j=l k=l  i = 1 'J  J  
. . . . 
- X  [ui(Aci - X  a  q. s . ) ]  
i = 1  j = I  i j J J 
E v a l u a t i n g  h (u )  would c e r t a i n l y  be e a s i e r  than s o l v i n g  the  o r i g i n a l  
p r ima l .  However, because o f  the nonconvex i t i es  and t h e  l a r g e  number o f  
c o n s t r a i n t s  t h i s  i s  s t i l l  a  d i f f i c u l t  problem. Note t h a t  i t  i s  e s s e n t i a l l y  
the  pure f a c i l i t y  l o c a t i o n  problem s i nce  t he  dec i s i ons  on degree o f  
t rea tment  a t  each l o c a t i o n  can be made s e p a r a t e l y  o f  each o the r .  P r o v i d i n g  
an e f f i c i e n t  means were a v a i l a b l e  f o r  e v a l u a t i n g  h(u) one c o u l d  proceed 
w i t h  the r e s t  o f  t he  s o l u t i o n  a l g o r i t h m  as descr ibed  i n  Chapter 3. 
4.2 P a r t i a l  Regional  i z a t  i o n  and Bypass P ip i ng  
There may be waste d ischargers  on t he  r i v e r  who f o r  one reason o r  
another  cannot p a r t i c i p a t e  i n  a  r eg iona l  i z a t i o n  p lan.  For example some 
i n d u s t r i e s  may produce wastes which must r e c e i v e  spec ia l ,  separate  
t reatment .  O r ,  as demonstrated i n  the Delaware Es tuary  ana l ys i s  made 
i n  t he  next  chapter ,  c o s t  f unc t i ons  f o r  the  t rea tment  o f  mixed i n d u s t r i a l  
and domestic wastewaters may no t  be a v a i l a b l e .  I n  such a  case we s t i l l  
d e s i r e  t o  f i n d  the  amount o f  BOD removal each d i scha rge r  should  p rov i de  
so t h a t  t he  d i s s o l v e d  oxygen goals  a re  met by a l l  d i schargers  ( i n c l u d i n g  
those i n  the  r eg iona l  t reatment  p l a n t  system) a t  minimum cos t .  
Let the waste sources which cannot p a r t i c i p a t e  i n  a  r e g i o n a l i z a t i o n  
p l a n  be designated N + I,.. .,N+N1. The mathematical programming fo rmula t ion  
o f  the problem i s  modi f ied as fo l l ows :  
( i )  the o b j e c t i v e  f u n c t i o n  becomes 
N N+N ' 
Minimize Cost = X Pj (ypj) + Tj (yj, 2 w.) + T. (2.1 
j = l  j '  J j=N+l J J  
( i i )  the d isso lved oxygen requirements become 
( i i i) bounds on BOD removg 1 f o r  sources j = N+l , . . . , N+N' are 
Notice t h a t  the cos t  o f  treatment a t  the sources N+l t o  N+N' i s  a f u n c t i o n  
o n l y  o f  the BOD discharged s ince the i n f l u e n t  waste q u a n t i t i e s  are  the 
known source quan t i t i es ,  qj and s  j 
The s o l u t i o n  procedure fo l l ows  the method o u t l i n e d  i n  Chapter 3 w i t h  
the dual being evaluated by f i r s t  s o l v i n g  a  dynamic program over loca t ions  
1 t o  N as described i n  Chapter 3 and then adding t o  i t s  value the r e s u l t s  
o f  N' u n i v a r i a t e  min imizat ions o f  the form 
Minimize T. (2.) + ( X Ui a i j )  
Z J J  i = 1 j j 
Subject t o  L. 5 1 - z./s. j U 
J J J  j 
where j = N+l, ..., N+N1. 
The use o f  bypass p i p i ng ,  t h a t  is ,  t r e a t i n g  waste a t  l o c a t i o n  j and 
then  p i p i n g  i t  f o r  d ischarge t o  reach i, o f f e r s  a d d i t i o n a l  p o t e n t i a l  
savings f o r  meet ing a  r equ i r ed  d i s s o l v e d  oxygen goal .  I t  can be in t roduced  
i n t o  t he  model by  r e p l a c i n g  the v a r i a b l e  z  by  z i j  ( t h e  BOD i n  t he  e f f l u e n t  j 
t r e a t e d  a t  l o c a t i o n  j and d ischarged i n  reach i )  and i n t r o d u c i n g  t h e  
v a r i a b l e  p  which i s  1 i f  t he  e f f l u e n t  o f  t reatment  a t  l o c a t i o n  j i s  ij 
bypassed t o  reach i and 0  o therwise,  The mathematical  programming 
f o r m u l a t i o n  o f  t h e  problem ( i n c l u d i n g  p a r t i a l  r e g i o n a l i z a t i o n )  i s  mod i f i ed  
as f o l l o w s :  
( i ) t he  o b j e c t  i ve  f unct  ion  becomes 
Minimize Cost = Z { ~ . ( ~ p . )  + Z [ ~ . ( y  , Zi j ,  wj) + P . . (Y . ) ]  P . . )  
j = l  J  J  i = l  J j ' J  J  1 J  
where Pij (y j )  i s  the c o s t  o f  p i p i n g  y  u n i t s  o f  waste f l o w  f rom l o c a t i o n  j j 
t o  reach i i n  t he  r i v e r .  
( i  i) t h e  d i sso l ved  oxygen requirements become 
Z a.. (S 
- p i j  z i j )  2 Aci 
j = l  I J  j 
(i i i) bounds on BOD removal a re  
( i v )  t he  f o l l o w i n g  c o n s t r a i n t s  a re  added 
The m o d i f i c a t i o n s  necessary i n  t he  e v a l u a t i o n  o f  t h e  dua l  a re  
(i) i n  t he  dynamic programming p o r t  i o n  o f  t he  c a l c u l a t i o n  the r e t u r n  
f u n c t i o n  i s  g i v e n  b y  
A M 
~ ~ ( y ~ ,  y j )  = min ~ . ( y p . )  + [ ~ . ( y . ,  z. . ,w.)  + p i j ( y j )  
2.. ,p* .  J J i = l  J J  I J  J  I J  1J 
A 
j and ypj and can be found f rom knowledge o f  y. and y  The above i s  J j ' 
eva lua ted  by  enumerat ing over  the  M p o s s i b l e  va lues o f  p  and s o l v i n g  ij 
a  u n i v a r i a t e  m i n i m i z a t i o n  i n  z.. a t  each enumeration. 
I J  
(ii) the  remain ing N '  separate m in im i za t i ons  ( f o r  the sources which cannot 
reg  i ona 1  i ze) become 
M M 
Min X [T. (z..) + p.. (q j )  + ( 
ui a i j ) z i j l  p i j  
z,.,p.. i = l  J  I J  I J  i = 1  
I J  ' J  
X P i j 3 1  , p.. = 0 ,  1  
i = l  I J  
and the same enumerat ion method as descr ibed  i n  (i) can be used t o  so l ve  
each o f  these. 
I t  i s  ev i den t  t h a t  t h i s  ex tens ion  t o  handle bypass p i p i n g  w i l l  a l s o  
increase the  computat i ona l  e f f o r t .  P re l  im ina ry  appl  i c a t  i o n  t o  da ta  f rom 
the  Delaware Es tuary  i nd i ca tes  t h a t  computat iona l  f e a s i b i l i t y  o f  the above 
f o r m u l a t i o n  i s  ques t ionab le .  Improved performance was ob ta i ned  by l i m i t i n g  
the use o f  bypass p i p i n g  t o  t reatment  p l a n t s  which t r e a t  t h e i r  source 
waste on ly ,  the  r a t i o n a l e  be ing t h a t  r e g i o n a l i z a t i o n  i n  some sense serves 
the same purpose o f  s h i f t i n g  t h e  waste d ischarge  p o i n t s  as bypass p i p i n g  
does. Another s t r a t e g y  would be t o  l i m i t  the number o f  a l l owab le  d ischarge 
sec t  ions f o r  each p o l  1 u t e r  t o  some subset o f  the e n t  i r e  M reaches. 
A  second problem concerns the ques t i on  o f  d u a l i t y  gap r e s o l u t i o n .  
I n  t heo ry  the same branch and bound procedure as descr ibed  i n  Chapter 3 
can be appl  ied.  When a  dual  i t y  gap occurs  t he re  wi  1 1  e x i s t  two a l t e r n a t e  
combined reg iona l  t reatment  p l a n t  and bypass p i p i n g  c o n f i g u r a t i o n s  a t  the 
maximum o f  the  dua l .  Again the op t ima l  l e v e l  o f  BOD r e d u c t i o n  problem 
can be so lved  f o r  each by convex programming and the r e s u l t s  used t o  
e s t a b l i s h  an upper bound. Then two a d d i t i o n a l  problems a re  created,  each 
w i t h  a d d i t i o n a l  c o n s t r a i n t s  on a l l owab le  t rea tment  p l a n t  s i zes  and a l l owab le  
reaches t o  which e f f l u e n t  can be p iped  (e.g., p.. s e t  t o  e i t h e r  0  o r  1 f o r  
I J 
some j ) .  These a re  so lved  by the dual  method and t he  procedure con t inues  
i n  t h i s  manner u n t i l  the lower bound i s  c l o s e  enough t o  the upper bound. 
Again, some p r e l i m i n a r y  computat iona l  exper ience has i n d i c a t e d  poorer  
performance o f  the branch and bound method f o r  gap r e s o l u t i o n  when the  
model inc ludes bypass p i p i ng .  S p e c i f i c a l l y ,  the d i f f e r e n c e  between the 
i n i t i a l l y  e s t a b l i s h e d  lower and upper bounds i s  g rea te r  i n  the case o f  
bypass p i p i n g .  
4.3 E f f l u e n t  Charges 
I n  a l l  t h a t  has preceded i t  has been t a c i t l y  assumed t h a t  some 
c e n t r a l  p l ann ing  a u t h o r i t y  e x i s t s  which, hav ing  p e r f e c t  i n f o r m a t i o n  
concern ing  the  t reatment  cos t s  o f  a l l  p o l l u t e r s ,  i s  a b l e  t o  so l ve  the  
reg iona l  wastewater t reatment  model and d i r e c t l y  implement the  r e s u l t i n g  
l e a s t  cos t  r eg iona l  p l a n t  c o n f i g u r a t i o n  and BOD r e d u c t i o n  p lans  t o  meet 
the des i r e d  d  i s so l ved  oxygen goal .  Several  au thors  (Kneese (1964), Hass 
(1970) ) have noted t h a t  an appeal i n g  v e h i c l e  f o r  o b t a i n i n g  des i r e d  water  
qua1 i t y  i s  the  impos i t i on  o f  p o l l u t i o n  taxes o r  e f f l u e n t  charges b y  a  
c e n t r a l  a u t h o r i t y .  The response o f  an i n d i v i d u a l  p o l l u t e r  t o  an announced 
e f f l u e n t  charge per  u n i t  o f  BOD d ischarged  would be t o  reduce BOD d ischarges 
t o  a  l e v e l  where the  marg ina l  c o s t  o f  BOD r e d u c t i o n  i s  equal t o  the u n i t  
charge. The op t ima l  s e t  o f  charges r e s u l t s  i n  meet ing t he  s p e c i f i e d  D O  
goa ls  w i t h  minimum t reatment  cos ts .  
A p o l l u t e r  faced w i t h  hav ing  t o  pay a  c e r t a i n  charge per  l b  o f  BOD 
d ischarged  would v iew h i s  t rea tment  c o s t  f u n c t i o n  as 
Cost o f  BOD removal = T. ( y  z w.) + (charge):: z 
J j ' j' J j 
where T  i s  t h e  c o s t  o f  BOD r e d u c t i o n  as a  f u n c t i o n  o f  was te f low and BOD j 
removal e f f i c i e n c y .  Wi th  re fe rence  t o  t he  dual  f u n c t i o n  developed f o r  
the  r e g  i ona l  i za t i o n  prob lem. 
N M 
h (u )  = min X [ P . ( ~ ~ ~ )  + T j ( y j ,  z  w.) + ( X u i  a..) z.] 
J j' J y,z j = l  i = l  I J  J  
and i n  v iew of  t he  p o l l u t e r ' s  c o s t  f u n c t i o n  w i t h  an e f f l u e n t  charge as 
M 
w r i t t e n  above, t he  q u a n t i t y  (.C u.a ) can be i n t e r p r e t e d  as t he  e f f l u e n t  1=1 I i j  
charge l e v i e d  aga ins t  p o l l u t e r  j. Knowing t h i s  charge the  p o l l u t e r s  can 
p l a n  t h e i r  op t ima l  r eg iona l  i z a t  i on  and BOD reduc t  i o n  s t r a t e g y  by  e v a l u a t i n g  
h (u ) .  The column gene ra t i on  LP used t o  maximise h(u) a t tempts  t o  f i n d  
t he  l e a s t  c o s t  convex combinat ion o f  these r e g i , o n a l i z a t i o n  and BOD r e d u c t i o n  
p lans  so t h a t  DO goals  a re  met. The dual  v a r i a b l e s  o f  t h i s  1 i near  program 
which correspond t o  t he  DO c o n s t r a i n t s ,  u, approximate t he  marg ina l  c o s t  
o f  r e q u i r i n g  the  d e s i r e d  D O  improvement. They serve t o  d e f i n e  the next  
M 
s e t  o f  e f f l u e n t  charges t o  be lev ied ,  C  u.a... The process con t inues  
i = l  1 ' J  
u n t i l  t he  convex combinat ion o f  p o l l u t e r  responses r e s u l t s  i n  an exac t  
M 
approximat ion, e.g., max h(u)  = min C  P. + T  which i s  s imp l y  the  
i = l  J j ' 
opt ima l  i t y  c o n d i t i o n  de r i ved  f rom d u a l i t y  theory.  
However, because o f  t he  nonconvex i t i es  assoc ia ted  w i t h  the 
r e g i o n a l i z a t i o n  problem, t h i s  c o n d i t i o n  may no t  be r e a l i z a b l e .  I n  terms 
o f  e f f l u e n t  charges t h i s  means t h a t  t he re  need no t  e x i s t  a  s e t  o f  e f f l u e n t  
charges whose i m p o s i t i o n  would r e s u l t  i n  the  op t ima l  p o l l u t i o n  c o n t r o l  p lan,  
g i v e n  t h a t  t h i s  p l a n  i s  found by  e v a l u a t i n g  h (u )  as descr ibed  above. Such 
a  s i t u a t i o n  corresponds t o  the ex i s t ence  o f  dua l  i t y  gap. Thus i t  i s  no t  
always p o s s i b l e  t o  o b t a i n  op t ima l  r eg iona l  i z a t i o n  o f  wastewater t reatment  
t o  meet D O  goals  by  means o f  l i n e a r  e f f l u e n t  charges. 
4.4 Rela ted  Regional  i za t  i o n  Problems 
Two problems a re  cons idered which a re  v a r i a t i o n s  o f  the o r i g i n a l  
r e g i o n a l i z a t i o n  problem. F i r s t  i s  t he  problem o f  de te rm in i ng  the  minimum 
c o s t  r e g i o n a l i z a t i o n  p a t t e r n  when t rea tment  l e v e l s  a re  s e t  i n  advance. 
As before, i t  i s  assumed t h a t  the waste sources 1 i e  i n  a  1 inear 
c o n f i g u r a t i o n  w i t h  each source j = 1, ..., N, producing q  u n i t s  o f  waste j 
f low. For t h i s  problem the cos t  o f  cons t ruc t i ng  and opera t ing  a  treatment 
p l a n t  a t  l o c a t i o n  j i s  a  f u n c t i o n  o f  the q u a n t i t y  o f  f l o w  t rea ted  (y.) J 
only,  s ince the l eve l  o f  waste treatment i s  se t  i n  advance. This cost,  
T. (y.), i s  assumed concave w i t h  respect t o  y, thus e x h i b i t i n g  the economies J J  
o f  scale which make r e g i o n a l i z a t i o n  worthwhi le.  S i m i l a r l y  the cost  o f  
p i p i n g  a  q u a n t i t y  o f  f l o w  yp between loca t ions  j and j+l i s  assumed j 
t o  be concave. 
Under these cond i t ions  the r e g i o n a l i z a t i o n  r e s t r i c t i o n s  imposed 
on the more general r e g i o n a l i z a t i o n  problem w i t h  water qua1 i t y  goals are 
au tomat i ca l l y  s a t i s f i e d  a t  opt imal  i t y .  Consider f i r s t  the r e s t r i c t i o n  
t h a t  a  p lan t  must be a t  l eas t  as large as the p iped- in  f l o w  from other  
loca t ions .  F igure 4.3a shows a s i t u a t i o n  which v i o l a t e s  t h i s  cond i t ion .  
The t o t a l  cos t  involved i s  
where - Y P j  - Y P j - 1  + q j  - Yj 
- Y j  +l - + + Y P j  . 
Now if one more u n i t  o f  f l ow  was sent f rom j t o  j+l the change i n  cost  
wou 1 d  be 
A cost  = -T. (y.)  + P. (yp.) + Tj +l (yj +1) 
J J  J J  
d  T  
where T(yj ) = - dP and P(ypj) = - 
~ Y P  I YPj 
F i g u r e  4.3 Reg iona l  Fac i 1 i t y  P a t t e r n s  Which V i o l a t e  
t h e  R e g i o n a l i z a t i o n  R e s t r i c t i o n s  
then i t  pays t o  sh ip  the a d d i t i o n a l  u n i t  t o  j+l. However, s ince a l l  
func t ions  are concave (decreasing marginal costs w i t h  increasing q u a n t i t y  
o f  f low)  costs are minimized when a l l  o f  y i s  shipped. On the o ther  hand, j 
if T. (y.) 5 Pj (ypj) + Tj+l (y. ) then i t  pays t o  reduce the amount shipped 
J J  J +1 
t o  j + 1  t o  zero. 
Not ice t h a t  the above argument impl ies an even st ronger o p t i m a l i t y  
cond i t ion ,  namely t h a t  sources never send o n l y  a p o r t  ion o f  t h e i r  f l o w  t o  
o ther  l oca t  ions. Also, i t  always pays f o r  a source t o  sh ip  t o  another 
l oca t  i on  when 
The o ther  r e g i o n a l i z a t i o n  r e s t r i c t i o n  p r o h i b i t e d  bypassing o f  sources. 
A v i o l a t i o n  o f  t h i s  i s  p i c tu red  i n  F ig.  4.3b. Using the above resu l t s ,  
f o r  t h i s  s i t u a t i o n  t o  ho ld  i t  fo l lows t h a t  
(i.e., i t  pays t o  sh ip  from source 1 t o  source 3) and 
(i.e., i t  i s  more c o s t l y  t o  sh ip  from source 1 t o  source 2 and t r e a t  there 
than sh ip  from source 1 f o r  treatment a t  source 3) 
(i.e., i t  does not  pay t o  sh ip  2 t o  3 when 1 a l ready  ships t o  3). 
From the second and t h i r d  i n e q u a l i t i e s  we get  
But because o f  the concave cos t  func t ions  we must have 
* +  
p2(o ) 2 p2(q1) 
and thus there  i s  a  con t rad i c t i on .  Hence a  s o l u t i o n  which bypasses any 
sources such as i n  F ig.  4.3b can never be opt imal.  We have shown t h a t  the 
two r e g i o n a l i z a t i o n  r e s t r i c t i o n s  imposed on the more general reg iona l iza-  
t i o n  problem where degree o f  waste treatment was considered are  i n  f a c t  
o p t i m a l i t y  cond i t ions  f o r  the  r e g i o n a l i z a t i o n  problem where degree o f  
waste treatment i s  not considered. 
The mathematical programming statement o f  t h i s  problem i s  
Minimize Cost = Z Pj (ypj) + Tj (yj)  
j = 1 
which can be solved by dynamic programming. 
I n t r o d u c t  ing the s t a t e  va r iab le  
the recu rs ion  r e l a t i o n  i s  
The i n i t i a l  cond i t ions  are 
and the f i n a l  c o n d i t i o n  i s  
A 
The optimum value i s  g iven by  F  (y  ). From the r e s u l t s  obta ined N N 
above i t  i s  s u f f i c i e n t  t o  d i s c r e t i z e  the s t a t e  space t o  (0, ql, + 
N 1 
. q j l .  
j = l  
The second problem i s  determin ing the l eas t  cos t  r e g i o n a l i z a t i o n  
p a t t e r n  and un i fo rm leve l  o f  BOD reduc t ion  provided by a l l  dischargers 
t o  meet a  g iven DO goal. Making the same assumptions and regional  i z a t i o n  
r e s t r i c t  ions as before, the mathematical programming model i s  
N 
Minimize cos t  = X Pj(ypj) + ~ ~ ( y ~ ,  r )  
j = 1  
s u b j e c t  t o  
where r = the f r a c t i o n  o f  BOD removed by  t rea tment  and i s  the  same a t  a l l  
l o ca t i ons .  No t i ce  t h a t  t reatment  c o s t s  a r e  once a g a i n  a  f u n c t i o n  o f  the  
h y d r a u l i c  s i z e  o f  t he  p l a n t  and t h e  degree o f  BOD removal prov ided.  
Also, r e i n t m d u c t  i o n  o f  water  qua1 i t y  goals  and a  v a r i a b l e  t rea tment  l e v e l  
means t h a t  the  r e g i o n a l i z a t i o n  r e s t r i c t i o n s  a re  no longer  o p t i m a l i t y  
c o n d i t i o n s  so t hey  a r e  s p e c i f i e d  through c o n s t r a i n t s  (4.12) - (4.14). 
A t  f i r s t  g lance t h i s  appears t o  be an e a s i e r  prob lem than  t he  more 
genera l  case where t rea tment  l e v e l s  a re  a1 lowed t o  v a r y  among d  i schargs rs .  
One s o l u t i o n  approach might  be t o  pe r f o rm  a u n i v a r i a t e  search on the  
t reatment l eve l  r so t h a t  the r e s u l t i n g  discharges f rom the minimum cos t  
reg iona l  f a c i l i t y  p a t t e r n  j u s t  meet the DO goals. The minimum cos t  
f a c i l i t y  p a t t e r n  would be found us ing the s t ra igh t fo rward  dynamic 
programming s o l u t i o n  discussed above f o r  the  problem where treatment 
l eve l s  are f ixed.  Such a  method would not produce a  t r u l y  minimum cos t  
s o l u t i o n  because the coup l ing  o f  the l eve l  o f  treatment, the r e g i o n a l i -  
z a t i o n  c o n f i g u r a t i o n  and the r e s u l t i n g  BOD discharges and D O  l eve l s  
( cons t ra in t s  (4.13), (4.17) and (4.18) ) i s  ignored. Instead a  more 
expensive, bu t  feas ib le ,  s o l u t i o n  would r e s u l t .  
S u b s t i t u t i n g  (4.17) i n t o  (4.18) and dual i z i n g  w i t h  respect t o  the 
l a t t e r  would r e s u l t  i n  the f o l l o w i n g  dual problem. 
N M M 
Max h ( u ) =  min X  [ P ~ ( ~ ~ . ) + T . ( ~ . , ~ ) + ( X  u .a . . ) ( l - r )w . ] -  X u i b i  
u_>O r,y j = l  J  J J  i = 1 I I J  J  i = l  
Eva lua t ion  o f  the dual i s  now a  more d i f f i c u l t  task than i n  the  more 
general r e g i o n a l i z a t i o n  problem. I t  can be r e w r i t t e n  as 
N N M 
h (u)  = min [ min X  P. + T .  + ( C  a )  ( 1 )  w. 1 -  X  uibi 
L-glU y  j = l  J  J  i = l  I I J  J  i = l  
For f i x e d  r, the min imiza t ion  over y  can be obtained by s o l v i n g  a  
dynamic program. 
. . 
Minimize C  P. ( ~ p . )  + T. (y  r )  + ( C  u.a..) (1-r)  w 
J J  J j' I I J  j i = 1 
I=! 
uJnlaJ aql *alqe!Jen alels aql s! pue .A = !-A a~ojaq se aJaqn 
!- 
v 
w i t h  i n i t i a l  cond i t ions  
and f Pnal c o n d i t i o n  
The value o f  the dual f u n c t i o n  i s  now 
A 
h(u) = min FN(yN; r ) .  
Lsrs'U 
We may f i n d  h(u) by using a  u n i v a r i a t e  search on r. Notice tha t  t h i s  
imp1 ies t h a t  a  ser ies  o f  dynamic programs must be solved a t  each 
eva lua t i on  o f  h(u).  So lu t i on  i s  made considerably eas ie r  when the 
treatment costs w i t h  respect t o  BOD removal a t  each l o c a t i o n  d i f f e r  o n l y  
by some constant m u l t i p l i e r .  Under t h i s  c o n d i t i o n  the value o f  r w i l l  
not a f f e c t  the s o l u t i o n  o f  the r e g i o n a l i z i n g  dynamic program. Thus the 
l a t t e r  i s  solved onlay once a t  any value o f  r, then the min imiz ing r i s  
found us ing the r e s u l t i n g  r e g i o n a l i z a t i o n  so lu t ion .  
The remaining d e t a i l s  o f  maximizing h(u)  and reso l v ing  d u a l i t y  gaps 
f o l l o w  the same procedure as described i n  Chapter 3. The one except ion 
occurs i n  the gap r e s o l u t i o n  procedure when the minimum cos t  un i fo rm 
leve l  o f  treatment t o  meet the g iven D O  goals must be found f o r  a  g iven 
r e g i o n a l i z a t i o n  pa t te rn .  This i s  a  t r i v i a l  problem s ince the opt imal  r 
s a t i s f i e s  
I 
r = max [ I -  I 
i=1, ..., M C a..w. 
j = 1 ' J  J 
where w i s  determined by the known r e g i o n a l i z a t i o n  pa t te rn .  j 
CHAPTER 5. APPLICATION OF THE MODEL 
5.1 Delaware Es tuary  
The bas i c  vers  i on  o f  the reg iona l  i z a t  i o n  model developed i n  Chapters 
2  and 3  w i l l  be a p p l i e d  t o  da ta  f rom a  72 m i l e  s t r e t c h  o f  the  Delaware 
Es tuary  beg inn ing  a t  Trenton, New Jersey. A  number o f  authors  have 
analyzed t he  cos ts  o f  va r ious  p o l l u t i o n  c o n t r o l  p o l i c i e s  f o r  t he  estuary .  
Those who have examined reg  iona 1 i za t  i o n  i nc 1 ude Graves e t  a  1. (1 970) and 
W h i t l a t c h  (1973). A sumnary o f  t h e i r  approaches was g i ven  i n  Sec t i on  1.2. 
We w i l l  use the same data as they  d i d  so  t h a t  a  comparison between the  
methods can be made. The aim here i s  no t  t o  pe r f o rm  a  comprehensive 
ana l ys i s  o f  r eg iona l  i z a t  i o n  s t r a t e g i e s  f o r  the  Delaware b u t  r a t h e r  t o  
show the  p o t e n t i a l  u t i l i t y  o f  t he  proposed model i n  such e f f o r t s  as 
compared w i t h  c u r r e n t l y  a v a i l a b l e  methods. 
The phys i ca l  model f o r  r e l a t i n g  changes i n  d i sso l ved  oxygen t o  changes 
i n  BOD i n f l ows  t o  the  r i v e r  i s  based on a  f i n i t e  d t f f e r e n c e  approx imat ion 
t o  the  d i f f e r e n t i a l  form o f  the mass balance equat ions f o r  D O  and BOD. 
D e t a i l s  o f  t h i s  approach a re  descr ibed  i n  Thomann (1972). The r e s u l t i n g  
model has the form 
Z a i j  (Aw.) = Ac. J I j = l  
where a  = a  D O  t r a n s f e r  c o e f f i c i e n t ,  ms/ R i j  1 b/day 
Aw. = t he  t o t a l  change i n  BOD d ischarge i n  r e a c h j '  (and cou ld  
J 
be made up o f  a  number o f  i n d i v i d u a l  discharges which 
a re  loca ted  i n  reach j ) ,  lb/day 
Aci = t he  change i n  d i sso l ved  oxygen i n  reach i, mg/R 
M = number o f  reaches. 
This i s  s i m i l a r  t o  the cons t ra in t s  developed f o r  the  r e g i o n a l i z a t i o n  model 
i n  Sect ion 2.3, except t ha t  Aw lumps together a l l  (s - z ) f o r  loca t ions  j k k  
k i n  reach j. Recal l  t ha t  use o f  a model such as t h i s  assumes tha t  the 
v a r i a t i o n  i n  r i v e r f l o w  as a r e s u l t  o f  r e g i o n a l i z a t i o n  w i l l  have n e g l i g i b l e  
e f f e c t  on the D O  t r a n s f e r  c o e f f i c i e n t s ,  a. .. For the Delaware Estuary 
I J 
t h i s  appears t o  be a f a i r  assumption (Graves, 1972). 
The Delaware has been d i v ided  i n t o  30 reaches w i t h  lengths between 
10,000 and 20,000 fee t .  In fo rmat ion  on the geometry, f lows, and d ispers ion,  
BOD decay, and reaera t ion  c o e f f i c i e n t s  o f  each reach i s  g iven i n  Table 7-3, 
p. 172 o f  Thomann (1972). O f  the 30 reaches o n l y  18 w i  1 1  have waste 
dischargers i n  them so there i s  a t o t a l  o f  (18 x 30) o r  540 D O  t r a n s f e r  
c o e f f i c i e n t s  required. Thei r  values can be found i n  Table 22, p. 97 o f  
Graves e t  a l .  (1970) and w i l l  not be repeated here. 
There a re  44 major waste d ischargers along the Delaware. Spec i f  i c  
in fo rmat ion  f o r  each i s  g iven i n  Table 5.1. O f  the 44, h a l f  discharge 
i n d u s t r i a l  wastes and h a l f  domestic. I n  keeping w i t h  the previous 
r e g i o n a l i z a t i o n  studies, o n l y  the domestic sources w i l l  be al lowed t o  
reg iona l i ze .  I n  the previous studies o n l y  n ine p o t e n t i a l  locat ions,  
d i s t i n c t  f rom the waste sources, f o r  regional  treatment p lan ts  were 
considered. To make the most o f  our r e g i o n a l i z a t i o n  model we consider 
these n ine p lus  a l l  o f  the 22 domestic waste sources as p o t e n t i a l  loca t ions  
f o r  reg iona l  p lan ts .  A schematic representa t ion  o f  these l oca t i ons  and 
d is tances between them as g iven by Wh i t l a t ch  (1973) i s  shown i n  Fig. 5.1. 
Note t h a t  p i p i n g  across the r i v e r  i s  not  allowed. A lso  we w i l l  not  a l l o w  






































Table 5.1 Source Da ta  f o r  the De laware  Es tuary  
Reach 
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16 P o t e n t i a l  l o ca t i ons  f o r  r e g i o n a l  p l a n t s  
n 
9.9 




















1 . Oat, 1-61 [ 1 1 ii ( ' jw) (pS!,) uo~~3a~ (ph11) ('~lu) 
a3JnoS a:)ueJslU blol~ L~en~s3 r.\old a3ue~s~a 
sh ipp ing  t o  an ad jacen t  l o c a t i o n  a l though  t h i s  can be handled by  the model. 
The cos t  o f  BOD removal f o r  each i n d i v i d u a l  d i scharger  i s  g i v e n  as 
a  p iecewise 1 i near  f u n c t i o n  o f  q u a n t i t y  o f  BOD removed as f o l l o w s :  
T  = c C ( j , l )  (s j  - zJ) L j 
= C C ( j  ,1)  BND (j, 1 )  
0  _< (s j  - z . )  _< ~ N l l ( j , l )  
J 
B N D ( ~  ,I) _< (s j  - z.) BND(j ,2) J 
where T = annual c o s t  o f  p r o v i d i n g  a t -source  BOD removal f o r  
L j 
d i scha rge r  j, $ 
c C ( j ,  1-3) = c o s t  c o e f f i c i e n t s ,  $ / l b  BOD 
day 
s  = BOD c u r r e n t l y  d ischarged f rom l o c a t  i on  j, lb /day j 
z  = BOD d ischarged a f t e r  a d d i t i o n a l  BOD removal a t  j 
l o c a t i o n  j, lb /day .  
The values o f  C C  and BND f o r  each o f  t he  44 d ischargers  are g i ven  i n  
Table 9 ,  p. 66 o f  Graves e t  a l .  (1970) and w i l l  no t  be repeated here. 
Note t h a t  T  represen ts  the c o s t  o f  a d d i t i o n a l  BOD r e d u c t i o n  over  and 
L j 
above what i s  a l r e a d y  be ing  prov ided.  To keep t h i n g s  comparable w i t h  the  
Graves e t  a l .  (1970) s t udy  no minimum BOD removals (such as p r i m a r y  
t rea tment )  a re  s p e c i f i e d  f o r  a t -source  t reatment .  
The c o s t  o f  BOD removal a t  a  r eg iona l  p l a n t  i s  
where T  = annual c o s t  o f  t reatment  a t  a  r eg iona l  p l a n t ,  $ 
R j 
w = t he  t o t a l  o f  the c u r r e n t  BOD d ischarges (Z s. )  o f  a l l  sources j I 
who s h i p  t h e i r  wastes t o  r eg iona l  p l a n t  j, lb /day  
- 
w = the  t o t a l  o f  the raw source BOD'S (Z ;i)  o f  a l l  sources who j 
s h i p  t h e i r  wastes t o  r eg iona l  p l a n t  j, lb /day 
- 
s  = raw source BOD o f  source j , 1 b/day j 
= hydrau l  i c  s  ize o f  r eg i ona l  p l a n t  j, mgd. 
Th is  c o s t  represents  the  c o s t  o f  a d d i t i o n a l  BOD removal p rov i ded  by  a  
r eg iona l  p l a n t  over  and above what the  i n d i v i d u a l  sources who s h i p  t o  t he  . 
r eg iona l  p l a n t  c u r r e n t l y  p rov ide .  I t  i s  de r i ved  by  Graves e t  a l .  (1970) 
f rom da ta  i n  Frankel  (1965). A  minimum o f  50% BOD removal ( r e l a t i v e  t o  
raw i n f l u e n t  BOD) w i  1 1  be r equ i r ed  a t  each reg iona l  p l a n t  so t h a t  t rea tment  
cos t s  remain convex w i t h  respect  t o  BOD removed. An upper l i m i t  o f  98% 
removal i s  imposed. 
P ip i ng  cos ts  between ad jacen t  l o c a t i o n s  a re  g i ven  as i n  Graves e t  a l .  
(1970) b y  
, where P. = annual cos t  o f  p i p i n g  between l o c a t  i on  j and j+l, $ 
J 
d. = d i s t ance  between j and j+l, mi l es  
J 
ypj = f l o w  p iped  between j and j +1, mgd. 
Observe t h a t  a l l  t reatment  and p i p i n g  c o s t  f unc t i ons  a r e  cont inuous.  
Hence the  power o f  our  s o l u t i o n  method t o  handle more genera l  c o s t  f unc t i ons  
i s  no t  be ing  u t i l i z e d .  
Wi th  these da ta  the  r e g i o n a l i z a t i o n  model w i l l  be used t o  determine 
what r eg iona l  i z a t  i o n  p a t t e r n  and increase i n  BOD removal i s  necessary t o  
p rov ide  a  D O  o f  3 mg/R i n  each reach o f  the Delaware a t  minimum cost .  
Based on t he  "cu r ren t "  (summer o f  1964) D O  l eve l s ,  t he  r equ i r ed  
improvement f o r  each reach t o  a t t a i n  the  3 mg/R goal  i s  shown i n  Table 
5.2. Reaches a1 ready a t  o r  above 3 mg/R w i l l  be r equ i r ed  t o  a t  l e a s t  
m a i n t a i n  t h e i r  p resen t  l e v e l s  ( i .e . ,  Ac = 0) .  One necessary a d d i t i o n  
t o  the  development o f  the  model i s  the c a l c u l a t i o n  o f  w As f o r  w  j ' j ' 
- 
w can be expressed as j 
where G ( 0 )  = the  r e s u l t i n g  p iecewise 1 inear  curve when C s p l o t t e d  i 
a g a i n s t  C q.. 
I 
The r e g i o n a l i z a t i o n  model as d iscussed i n  Chapters 2 and 3 has been 
coded i n  ASA Standard FORTRAN I V  f o r  implementat ion on an I B M  360/75. 
Th is  same program i s  a l s o  capable o f  s o l v i n g  the  minimum c o s t  degree o f  
t rea tment  prob lem f o r  a  g i ven  r e g i o n a l i z a t i o n  p a t t e r n  as would be r e q u i r e d  
i n  the d u a l i t y  gap r e s o l u t i o n  procedure. Because o f  the  p iecewise l i n e a r  
cos t s  an  a d d i t i o n a l  l i n e a r  programming c a l c u l a t i o n  as descr ibed  i n  
Sec t i on  3.6 must be made t o  check on d u a l i t y  gaps and e x t r a c t  op t ima l  
va lues o f  BOD removals. The s t o p  c r i t e r i o n  used i n  maximiz ing the dual  
i s  t h a t  the  d i f f e r e n c e  i n  the upper bound and the bes t  dual  va lue  be less  
than .001% o f  t he  bes t  dual va lue  (see Sec t i on  3.3). 
So l v i ng  the  model the  f i r s t  t ime  through gave a  maximum dual  va lue 
6  
o f  $1.280 x  10 . Scanning the  ou tpu t  revealed t h a t  the  l a s t  two i t e r a t i o n s  
gave dual  values approx imate ly  equal t o  t h i s  b u t  each corresponding p r ima l  
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a  dual  i t y  gap e x i s t .  So l v i ng  t h e  minimum c o s t  degree o f  t reatment  problems 
6 f o r  each c o n f i g u r a t i o n  gave r e s u l t i n g  cos ts  o f  $1.319 x  10 and $1.304 x  
6 10 . Thus a  f e a s i b l e  s o l u t i o n  ( r ep resen t i ng  ou r  bes t  upper bound) w i t h  
6  
c o s t  $1.304 x  l o 6  i s  found and f rom our  lower bound o f  $1.280 x  10 i t  i s  
guaranteed t o  be w i t h i n  a  t o l e rance  o f  1.87% o f  t he  g l o b a l  minimum. 
T o t a l  t ime  t o  ach ieve t h i s  r e s u l t  was 77.31 seconds on an IBM 360/75. 
To improve on t h i s  t o l e rance  and perhaps our  upper bound we can 
proceed w i t h  the  branch-and-bound method o f  gap reso l  u t  ion. We w i  1 1 use 
a  b ranch ing  r u l e  which branches on t h e  f i r s t  f a c i l i t y  l o c a t i o n  w i t h  
d i f f e r e n t  s i z e  p l a n t s  i n  the  two a l t e r n a t e  r eg iona l  c o n f i g u r a t i o n s .  
Examining these c o n f i g u r a t i o n s  showed t h a t  l o c a t i o n  8  had a  33.4 mgd p l a n t  
i n  the  $1.304 x l o 6  s o l u t i o n  and a  4.0 mgd p l a n t  i n  t he  $1.319 x  10 6  
s o l u t i o n .  Branching on t h i s  l o c a t i o n  c rea ted  two new problems, prob lem l a  
w i t h  t he  p l a n t  s i z e  a t  l o c a t i o n  8  cons t ra i ned  t o  be l ess  than 33.4 mgd 
and prob lem l b  w i t h  the  s i z e  cons t ra i ned  t o  be g rea te r  than  o r  equal t o  
33.4 mgd. I t  should  be remembered t h a t  t h i s  b ranch ing  and p a r t i t i o n i n g  
r u l e  is,  a t  t h i s  s tage i n  our  knowledge o f  t h e  p r o p e r t i e s  o f  t h e  a lgor i thm,  
s t r i c t l y  a r b i t r a r y .  Any o the r  procedure cou ld  be used t o  p a r t i t i o n  the  
s e t  o f  f e a s i b l e  r e g i o n a l  c o n f i g u r a t i o n s  s o  t h a t  t h e  two c o n f i g u r a t i o n s  
ob ta ined  above cou ld  no t  bo th  appear i n  the  same p a r t i t i o n .  
Proceeding t o  maximize t h e  dual  f o r  prob lem l b  y i e l d e d  a va lue o f  
6  $1.304 x  10 , t h e  same c o s t  and r e g i o n a l  c o n f i g u r a t i o n  as our  upper bound. 
Thus no more b ranch ing  can be done f rom t h i s  s o l u t i o n .  Maximizing the  
6  dual  f o r  problem l a  gave a  va lue o f  $1.299 x  10 . This  improved the  
lower bound. Examining t h i s  s o l u t i o n  i n d i c a t e d  a  d u a l i t y  gap once aga in  
w i t h  t he  l e a s t  c o s t  degree o f  t reatment  f o r  each o f  t h e  two a l t e r n a t i v e  
6 6 
c o n f i g u r a t i o n s  be ing  $1.312 x  10 and $1.319 x  10 . Thus no improvement 
i s  o f f e r e d  f o r  our  upper bound. A t  t h i s  s tage we have a  s o l u t i o n  ($1.304 
6 
x  10 ) guaranteed t o  be w i t h i n  a  .38% to l e rance  o f  the g l o b a l  minimum. 
T o t a l  s o l u t i o n  time, i n c l u d i n g  the runn ing  o f  a  l i n e a r  program t o  e x t r a c t  
b the degree o f  t rea tment  v a r i a b l e s  f r om  the  $1.304 x  10 s o l u t i o n  was 3.5 
minutes.  I f  we were w i l l i n g  t o  accept t h i s  to lerance,  a  reasonable l e v e l  
c o n s i d e r i n g  the  u n c e r t a i n t y  i n  the  da ta  and the  degree o f  round-o f f  i n  
the  c.omputations, then  we would be through, c l a i m i n g  t h a t  the  $1.304 x  
b 10 s o l u t i o n  was our  g l o b a l  optimum. A l t e r n a t i v e l y  we cou ld  con t i nue  the 
b ranch ing  f r om the  r e s u l t s  o f  problem l a .  Using the same branching r u l e  
as be fo re  we branch on l o c a t i o n  8  once again .  Two more problems a re  
created,  2a w i t h  a l l owab le  s i z e  o f  p l a n t  a t  l o c a t i o n  8  less  than 26.4 mgd 
and 2b w i t h  a l l owab le  s i z e  o f  p l a n t  between 26.4 and 33.4 mgd. The r e s u l t s  
o f  the dual  maximizat ions f o r  these problems g i ve  dual  values g r e a t e r  t han  
our  e x i s t i n g  upper bound. Hence we conclude t h a t  no improvement i s  p o s s i b l e  
6 
and $1.304 x  10 t r u l y  i s  the  g l o b a l  optimum. To ta l  computat ion t ime has 
now reached 5.46 minutes.  The s teps o f  the  branch and bound procedure 
a re  d i sp l ayed  i n  F ig .  5.2. 
An average o f  34 i t e r a t i o n s  was r e q u i r e d  b y  the column gene ra t i on  LP 
t o  maximize each 30 v a r i a b l e  dual  problem. I t  should  be noted t h a t  none 
o f  t he  p o t e n t i a l  t ime-sav ing  methods descr ibed  i n  Sec t i on  3.6 were used 
and t h a t  each t ime a  r e g i o n a l i z a t i o n  o r  degree o f  t rea tment  problem was 
so lved  t he  e n t i r e  i npu t  da ta  was read in.  
The r e s u l t i n g  s o l u t i o n  i s  g i ven  i n  F ig .  5.3 and Table 5.3. There 
a re  4 reg iona l  p l a n t s  s e r v i n g  a  t o t a l  o f  13 sources. O f  t he  sources 
n o t  served by a  r eg iona l  p l a n t  o n l y  4 increase t h e i r  degree o f  t reatment .  

sou rce  
i: 
Dis tance  F1 OW 
( m i  . )  (mgd) 
Es tua ry  Flow D is tance  Source 
S e c t i o n  (mgd) (n~i  . )  # Pi-( 8 19.7----=-+ 1 
F i g u r e  5.3 Opt imal  Regional  S o l u t i o n  f o r  t h e  
Delaware Es tuary  Problem 
Table 5.3 Optimal Regional  S o l u t i o n  f o r  the  Delaware Es tuary  
Reaional  Treatment 
Locat i o n  Sources 
(Source l umber) Served % BOD Remova 1 
Nonrea iona l  Treatment 
Source % BOD Removal 
The remain ing p o l  1 u t e r s  do no t  increase t rea tment .  
6 T o t a l  c o s t  = $1.304 x 10 / y r .  
O f  t he  t o t a l  c o s t  42.5% i s  devoted t o  p i p i n g .  
O f  t he  p rev ious  reg iona l  i z a t  i o n  s t u d i e s  the  bes t  s o l u t i o n  was $2.292 
6 
x 10 ob ta ined  i n  10 minutes b y  Graves e t  a l .  (1970) on a  machine no t  
s p e c i f i e d .  Our s o l u t i o n  represents  a  43% savings (almost a m i l  1 i o n  
d o l l a r s )  f r o m  t h i s  f i g u r e  ob ta ined  i n  about 1/3 t o  1/2 t he  time, depending 
on the  s topp ing  c r i t e r i a  used. To make t h i s  comparison f a i r  i t  shou ld  be 
p o i n t e d  o u t  t h a t  t he  Graves e t  a l .  a n a l y s i s  a l l owed  r e g i o n a l i z a t i o n  a t  
o n l y  9  l o c a t i o n s  w h i l e  we used these 9 p l u s  the o t h e r  22 source l o c a t i o n s  
as w e l l .  Had the Graves e t  a l .  method been a p p l i e d  t o  t h i s  many p o t e n t i a l  
r eg i ona l  l o c a t i o n s  i t  may ve ry  w e l l  have produced a  lower c o s t  s o l u t i o n  
s i n c e  i t  a1 lows f o r  more p i p i n g  arrangements than  our  approach. However, 
the  r e s u l t i n g  increase i n  problem s i z e  may make the  Graves e t  a l .  a l g o r i t h m  
6 
c o m p u t a t i o n a l l y  i n f e a s i b l e .  I n  a d d i t i o n ,  our  c o s t  o f  $1.304 x 10 f o r  a  
6 l e a s t  c o s t  r e g i o n a l i z e d  s o l u t i o n  compares w i t h  $4.1 x 10 f o r  t he  l e a s t  
b 
c o s t  a t -source  t rea tment  s o l u t i o n  and $10.331 x 10 f o r  r equ i r ed  secondary 
t rea tment  a t  each source. 
5.2 Performance under Var ied Cost Funct ions 
One of t he  f a c t o r s  c r u c i a l  t o  the  u t i l i t y  o f  t he  r e g i o n a l i z a t i o n  model 
i s  the  f requency o f  occurrence o f  d u a l i t y  gaps and t he  d i f f i c u l t y  i n  
r e s o l v i n g  them. I n  t h i s  s e c t i o n  a  s e r i e s  o f  r e g i o n a l i z a t i o n  problems w i l l  
be so lved  t o  s t udy  t h i s  aspect.  I ns tead  o f  making a l l  i n p u t  parameters 
f o r  these problems comp le te l y  random we have chosen t o  keep these va lues 
c l o s e  t o  what one may encounter i n  an a c t u a l  a p p l i c a t i o n  by  
(i) us ing  p h y s i c a l  da ta  f rom two r e a l  r i v e r  systems 
( i  i) u s i n g  a  v a r i e t y  o f  p i p i n g  and t rea tment  c o s t  f u n c t i o n s  a s  found  i n  
t he  1 i t e r a t u r e .  
The assumptions made i n  s o l v i n g  t he  problems a r e  t h a t  e x i s t i n g  t reatment  
p l a n t s  a re  ignored (i .e., o n l y  comp le te ly  new t reatment  f a c i l i t i e s  can 
be b u i  1 t ) ,  the  c o s t  f unc t i ons  f o r  a t -source  t reatment  and reg iona l  
t reatment  f a c i l i t i e s  a re  the same, and no s p l i t  f l ows  a re  considered. 
One o f  the  r i v e r  systems cons idered i s  a c t u a l l y  t he  subsystem o f  the 
Delaware Es tuary  represented by  reaches 11-20. The sources cons idered 
a re  t he  domest ic sources shown i n  F ig .  5.1 which d ischarge t o  reaches 1 1  
t o  20. There i s  a  t o t a l  o f  9  l o c a t i o n s  on one s i d e  o f  the r i v e r  w i t h  8  
on the  o t h e r  s i de .  I n f o r m a t i o n  on these sources can be found i n  F ig .  5.2 
and Table 5.1. Two se ts  o f  D O  goals  were cons idered.  The f i r s t  corresponds 
t o  ach iev i ng  the  r e s u l t i n g  D O  i n  each reach i f  each i n d i v i d u a l  source were 
t o  p rov i de  85% BOD removal. The second s e t  corresponds t o  70% BOD removal 
b y  each source. The requ i r ed  D O  improvements f o r  each se t  a re  shown i n  
Table 5.4. The D O  c o n s t r a i n t s  have the  same fo rm  as those descr ibed  i n  
Sec t i on  5.1. 
The second r i v e r  system cons idered i s  the  W i  1 lamet te .  Data were 
abs t rac ted  f rom Liebman (1965). There a re  11 sources o f  waste f l o w  and 
4  a d d i t i o n a l  p o t e n t i a l  l o c a t i o n s  f o r  r eg iona l  p l a n t s .  I n f o r m a t i o n  on 
these i s  g i v e n  i n  Table 5.5. The sources a re  loca ted  on bo th  s ides o f  
the  r i v e r  and i t  i s  assumed t h a t  p i p i n g  across the  r i v e r  i s  al lowed. 
The r i v e r  i s  d i v i d e d  i n t o  14 reaches. The D O  c o n s t r a i n t  equat ions a re  
those descr ibed  i n  Sec t ion  2.3. The c o e f f i c i e n t s  were c a l c u l a t e d  us i ng  
the equa t i on  i n  Appendix A. Since the  r i v e r  f l o w  i s  much g r e a t e r  than 
the  was te f low d ischarged the c a l c u l a t i o n s  were made w i t h  f i x e d  values o f  
r i v e r f l o w .  Values o f  the r i v e r  parameters used t o  o b t a i n  the c o e f f i c i e n t s  
a re  g i v e n  i n  Table 5.6. Two se t s  o f  standards were considered. The f i r s t  
Table 5.4 D O  Goals f o r  t h e  Delaware Subsystem 
Required D O  
-1. 







" Set 1 corresponds t o  the improvement r equ i r ed  t o  a t t a i n  the r e s u l t i n g  
D O  l e v e l  i f  a l l  i n d i v i d u a l  sources were t o  p rov i de  85 percen t  BOD 
removal. Set 2 i s  f o r  75 percen t  BOD removal. 
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Table 5.6 R iver  Data f o r  the  W i l l ame t te  R i ve r  
Reach Time o f  Flow Reaerat i on  Present DO 
(Cont ro l  ~ t .  1 f rom O r i q i n ,  days Coef f . , days- ' D e f i c i t ,  mq/A 
Base r i v e r  f l o w  = 3600 mgd 
had an a l l owab le  maximum D O  d e f i c i t  o f  1 mg/R a t  the  ends o f  reaches 1 
t o  7 and 2 mg/R f o r  reaches 8 t o  14. The second had t he  maximum 
a1 lowable d e f i c i t s  f o r  reaches 8 t o  14 reduced t o  1.5 mg/R. 
Two p a i r s  o f  bo th  p i p i n g  and t rea tment  p l a n t  c o s t  f u n c t i o n s  were 
u t i l i z e d .  They a re  shown i n  Table 5.7. Note t h a t  the  p i p i n g  f u n c t i o n  PB 
in t roduces  a  pumping cos t  i f  f l o w  i s  be ing  p iped  a g a i n s t  t he  g r a d i e n t  
(upstream). The two t reatment  p l a n t  c o s t  f u n c t i o n s  were de r i ved  by 
d i f f e r e n t  au thors  f rom the same da ta  presented by  Frankel  (1965). Note 
t h a t  TB inc ludes  f i x e d  cos ts  w h i l e  TA does not .  I t  i s  f e l t  t h a t  t h i s  
c o l l e c t i o n  o f  c o s t  f u n c t i o n s  represents  a  good sampl ing o f  f u n c t i o n a l  
types i n c l u d i n g  smooth, cont inuous f unc t i ons ,  f i x e d  cos ts ,  and c o n d i t i o n a l  
costs .  
For each r i v e r  system and DO goal ,  4  r eg iona l  i z a t i o n  problems were 
so lved  rep resen t i ng  a l l  combinat ions o f  p i p i n g  and t reatment  c o s t  f u n c t i o n s  
shown i n  Table 5.7. Th is  gave a  t o t a l  o f  16 problems. I n  maximiz ing the 
dual  f u n c t i o n  a  s t o p  c r i t e r i o n  o f  .0001% was used. A t  the maximum o f  the 
dual ,  the cor responding p r ima l  s o l u t i o n  was s a i d  t o  be op t ima l  i f  
and 
where i = requ i r ed  - a c t u a l  DO improvement i n  each i 
AC = requ i r ed  DO improvement i n  reach i. 
u = dual  v a r i a b l e  assoc ia ted  w i t h  reach i i 
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Table 5.7 Cost Funct ions 
P ip i ng  Costs 
6 PA : Cost $ / y r -m i l e  = 1865 Q" 
f rom Graves e t  a l .  (1970) 
PB : For p i p  ing  downstream (no pump ing),  
;?Cost, $ /m i le  = 149653 Q' 53088 QI .5 
= 154697 Q' 5787 
.5 < Q 2 2.5 
= 165346 Q" 5 0 604 Q > 2.5 
For p i p i ng upstream, 
from Smith (1971) 
:k Converted t o  $ / y r  by  d i v i d i n g  by a present  va lue f a c t o r  
o f  13. 
Treatment P lan t  Costs 
TA : Cost, $ / y r  = 49.22 ~ ' ~ ~ [ 8 . 0 ( r - . 5 ) ~  + 11 
f rom Graves e t  a l .  (1970) 
TB : $ / y r  = 160.8 + 26.7 Q + 640.7(r  - .45) 2 
+ 255.7 Q(r - - 4 ~ ) ~  
f rom Hass (1970) 
where Q = f l o w  handled, mgd 
r = f r a c t i o n a l  removal o f  BOD 
h>': = maximum va lue o f  dual f u n c t i o n  
f;k = cor respond ing  va lue  o f  p r i m a l .  
I f  these c o n d i t i o n s  were no t  s a t i s f i e d  then  a  dual  i t y  gap was assumed 
t o  e x i s t  and the  branch and bound procedure o f  Sec t i on  3.5 was used t o  
r eso l ve  t he  gap complete ly .  I n  c o n t r a s t  t o  the p rev ious  sec t i on ,  t he  
b ranch ing  r u l e  used here was t o  branch on t h a t  l o c a t i o n  w i t h  the  l a r g e s t  
s i z e  d i f f e r e n c e  i n  the  two a l t e r n a t e  r eg iona l  p a t t e r n s  which r e s u l t  a f t e r  
maximiz ing the dua l .  
The r e s u l t s  o f  t he  16 runs a re  summarized i n  Tables 5.8, 5.9, 5.10, 
5.11, and 5.12. I n  the  codes used t o  d i s t i n g u i s h  the runs the f i r s t  
l e t t e r  r e f e r s  t o  t h e  r i v e r  system (D f o r  Delaware ~ n d  W f o r  Wi l l amet te ) ,  
the  second d i g i t  r e f e r s  t o  the D O  goal  and t he  nex t  f o u r  cha rac te r s  
desc r i be  which o f  the c o s t  f u n c t i o n s  o f  Table 5.7 was used. For instance, 
D2-PA-TB means t h a t  the  Delaware R i ve r  problem w i t h  the  second s e t  o f  D O  
goa ls  was so lved  w i t h  p i p i n g  c o s t  f u n c t i o n  PA and t reatment  c o s t  f u n c t i o n  
TB . 
Table 5.8 shows the  r e s u l t s  o f  the  i n i t i a l  dua l  max im iza t ion  o f  the  
16 problems. S i x  were a b l e  t o  be so lved  a t  t h i s  p o i n t ;  the o t h e r  10 had 
d u a l i t y  gaps accord ing  t o  our c r i t e r i a .  However, by  E v e r e t t ' s  Theorem 
we can s t i l l  o b t a i n  the op t ima l  s o l u t i o n  t o  a  prob lem w i t h  mod i f i ed  D O  
goals  f rom the r e s u l t s  o f  any i t e r a t i o n  i n  t h i s  dual  maximizat ion.  Using 
t h a t  i t e r a t i o n  which gave goals  c l o s e s t  t o  the  o r i g i n a l ,  t he  number o f  
such mod i f i ed  goals  and the  l a r g e s t  m o d i f i c a t i o n  f o r  each prob lem a re  
g i v e n  i n  Table 5.8. Note t h a t  i n  most cases the  mod i f i ed  problem had DO 
goa ls  o n l y  a  few percen t  away from t h e  o r i g i n a l  ones. Cons ider ing t he  
i m p r e c i s i o n  i nvo l ved  i n  measuring D O  such r e s u l t s  may be e n t i r e l y  
s a t i s f a c t o r y .  
L68.z $88'1 1lE'O 1 18" E 1 81-ad -zM 
966 ' E 966 ' E '0 O O$'qZ Wl-ad-ZM 
1 OL 'Z LEL 'Z LZO 'Z 1 E $ 1 81-Wd -ZM 
889 ' E 889 'E '0 0 6~ ' S L Wl -Wd -ZM 
61S.z O 1S.z 160.0 1 oL. 1 I al-ad - IM 
658 ' E 658 ' E ' 0 0 Ss.81 WI-8d-LM 
Wl-Wd - 1M 
al-ad -za 
vl -ad -za 
81-Wd -za 
vl-wd -za 




0'0 966 ' f 0+'9Z 'dl-8d -ZM 
6+'0 9lL.z 66'~~ 81-'dd -ZM 
0'0 889 " f 6~-Sl 'dl -'dd -ZM 
91 '0 CZS'Z LS -6 1 81-8d -lM 
0'0 6S8.E SS"81 'dl-ad - LM 
58.0 06~-z 6L.l~ 81-'dd - 1M 
C80 '0 909 ' f 9f '6 1 'dl-tld - LM 
punog J~MO~ 
00 1 x (punog Ja~ol -~addn) 901 punog ~addn 
80 'ZZ 
s+ ' L 
uo!jez!w!xeW Lena a16u!s e 











Tab le  5.10 R e s u l t s  o f  Complete Gap R e s o l u t i o n  
Avg. Time 
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Table 5.12 So lu t i ons  t o  the  W i l l ame t t e  Problems 
Treatment P l a n t  Sources % BOD 
Run - Loca t ions'" Served* Remova 1 
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uos % 
For o b t a i n i n g  t he  op t ima l  s o l u t i o n s  t o  the o r i g i n a l  problems, 
Table 5.9 shows the r e s u l t s  o f  c a r r y i n g  ou t  t he  i n i t i a l  s t ep  i n  t he  gap 
r e s o l u t i o n  procedure. That i s ,  o b t a i n i n g  a  bes t  f e a s i b l e  s o l u t i o n  by 
s o l v i n g  the minimum c o s t  degree o f  t rea tment  problems assoc ia ted  w i t h  
the  a l t e r n a t e  r eg iona l  c o n f i g u r a t i o n s  o f  the  f i r s t  dua l  maximizat ion.  
Using the maximum va lue o f  the dual  as a  lower bound, these s o l u t i o n s  
were, i n  most cases, guaranteed t o  be w i t h i n  1% o f  the optimum, the  
wors t  be ing  2.47% away. I n  f a c t ,  as i t  tu rned  ou t  a f t e r  comp le t ing  the 
e n t i r e  gap r e s o l u t i o n  procedure, a l l  b u t  one o f  these s o l u t i o n s  was 
indeed the  t r u e  optimum. The r e s u l t s  o f  t he  e n t i r e  branch and bound 
procedure a re  summarized i n  Table 5.10. They show t h a t  o f  the  10 problems 
w i t h  gaps 8 were so lved  w i t h  2 branchings o r  less ( r e c a l l  t h a t  f o r  each 
b ranch ing  two new dual  maximizat ion problems a re  c rea ted) .  For bo th  t he  
Delaware problems, which had 10 dual  va r i ab l es ,  and t he  W i l l ame t t e  problems 
w i t h  14 dual  va r i ab l es ,  the  average number o f  i t e r a t i o n s  needed b y  t he  
column gene ra t i on  LP t o  maximize each dual  problem was 22. A l l  computat ions 
were made on an IBM 360/75. 
From these r e s u l t s  we see t h a t  d u a l i t y  gaps can occur  f r e q u e n t l y .  
However, when t h e y  do occur a  s o l u t i o n  t o  a  mod i f i ed  prob lem no t  v e r y  
d i f f e r e n t  f rom t h e  o r i g i n a l  i s  immediately a t  hand and a  f e a s i b l e ,  upper 
bound s o l u t i o n  can be e a s i l y  found which i s  q u i t e  c l o s e  t o  and has a  h i gh  
p r o b a b i l i t y  o f  be i ng  t he  g l oba l  minimum. I t  i s  t h i s  f a c t  which p robab l y  
makes t he  branch-and-bound procedure success fu l  i n  r e s o l v i n g  dual  i t y  gaps. 
I t  was observed t h a t  i n  most cases the  a l t e r n a t e  r e g i o n a l i z a t i o n  p a t t e r n s  
assoc ia ted  w i t h  d u a l i t y  gaps were v e r y  s i m i l a r ,  the  d i f f e r e n c e s  i n  p l a n t  
s i zes  o c c u r r i n g  a t  a  p a i r  o f  l o c a t i o n s  no t  v e r y  f a r  apar t .  Th is  might  
g i v e  suppor t  t o  the sugges t ion  o f  Sec t i cn  3.6 t o  speed s o l u t i o n  o f  the 
dual  prob lem by us i ng  d i s c r e t e  d i f f e r e n t i a l  dynamic programming. A f i n a l  
obvious obse rva t i on  i s  t h a t  as shown i n  the s o l u t i o n s  d i sp l ayed  i n  Tables 
5.11 and 5.12 the use o f  d i f f e r e n t  c o s t  f unc t i ons  can r e s u l t  i n  w i d e l y  
v a r y i n g  reg iona l  c o n f i g u r a t i o n s .  
CHAPTER 6. SUMMARY AND CONCLUSIONS 
The goal  o f  t h i s  research has been the  development o f  a  p r a c t i c a l  
water  q u a l i t y  management d e c i s i o n  model f o r  the  minimum c o s t  des ign  o f  a  
r e g i o n a l i z e d  system o f  wastewater t rea tment  f a c i l i t i e s  a l ong  a  r i v e r ,  
s u b j e c t  t o  water  qua1 i t y  c r i t e r i a .  To a1 low f o r  e f f i c i e n t  s o l u t i o n s  
whi l e  m a i n t a i n i n g  a  h i g h  degree o f  accuracy the  f o l  l ow ing  r e s t r i c t i o n s  
were made i n  the  f o r m u l a t i o n  o f  t he  model: 
1. Only s teady  s t a t e  d i s s o l v e d  oxygen and i t s  i n t e r a c t i o n  w i t h  
carbonaceous BOD d  ischarged f rom con t  i nuous p o i n t  sources was cons i dered. 
2. A1 1 waste sources which cou ld  p a r t i c i p a t e  i n  a  r e g i o n a l  system 
had t o  be arranged i n  a  l i n e a r  c o n f i g u r a t i o n  a long  a  s i n g l e  r i v e r .  
3.  A  r eg iona l  t rea tment  p l a n t  c o u l d  o n l y  se rve  those sources l oca ted  
sequen t i a l  l y  upstream and/or downstream o f  i t s e l f  (i .e., no bypassing o f  
sources).  
4. A  reg iona l  p l a n t  a t  a  g i ven  l o c a t i o n  had t o  t r e a t  a t  l e a s t  the 
f l o w  p iped  i n t o  t h a t  l o c a t i o n  f r om  o the r  sources. 
5. The changes i n  va r i ous  r i v e r  parameters due t o  changes i n  r i v e r  
f l o w  as a  r e s u l t  o f  r e g i o n a l i z a t i o n  c o u l d  be ignored. 
Based on these r e s t r i c t  ions t he  fo rmu la ted  mathematical  programming 
model d i sp l ayed  a  s e r i a l  s t r u c t u r e  which suggested t he  use o f  dynamic 
programming t o  so l ve  f o r  the  op t ima l  dec is ions .  However, the  l a r g e  
number o f  s t a t e  v a r i a b l e s  made t h i s  approach i m p r a c t i c a l .  Ins tead,  
Lagrange m u l t i p l i e r s  were in t roduced and a  Lagrangian f u n c t i o n  formed. 
Using concepts f r om  d u a l i t y  t h e o r y  f o r  non l i nea r  programming i t  was shown 
t h a t  a  dual  f u n c t i o n  cou ld  be de f i ned  as the  minimum o f  the Lagrangian 
f o r  g i v e n  values o f  the m u l t i p l i e r s  (o r  dual  v a r i a b l e s ) ,  Th is  minimum 
cou ld  be found by  s i n g l e  s t a t e  d i s c r e t e  dynamic programming. The dual  
problem then became one o f  f i n d i n g  those m u l t i p l i e r s  which maximized the 
dual  f u n c t i o n .  I f  the  maximum o f  the dual  equaled i t s  cor responding 
p r ima l  va lue and a l l  water q u a l i t y  c o n s t r a i n t s  were s a t i s f i e d ,  then the 
p r ima l  was s ~ l v e d .  I f  not, then  a  d u a l i t y  gap was s a i d  t o  e x i s t .  A 
branch and bound procedure was presented which cou ld  reso lve  such gaps 
t o  o b t a i n  t he  op t ima l  s o l u t i o n .  
Some advantages o f  f o rmu la t  i ng  the  model i n  t h i s  manner a r e :  
1 .  Every  source i s  cons idered as a  p o t e n t i a l  r eg i ona l  p l a n t  and 
adding a d d i t i o n a l  p l a n t  s i t e s  o n l y  increases the s i z e  o f  the problem 
1 i n e a r l y ;  thus a  l a rge  number Q F  r eg i ona l  p l a n t  l o c a t i o n s  can be 
cons idered and can increase chances o f  reduc ing cos t s .  For example, 
i n  ana l yz i ng  the  Delaware Es tuary  t he  model r equ i r ed  155 v a r i a b l e s  f o r  
3 1  p o t e n t i a l  r eg i ona l  f a c i l i t y  l o c a t i o n s  w h i l e  a  p rev ious  a n a l y s i s  
(Graves e t  a l .  (1970)) r equ i r ed  over 2,000 va r i ab l es  f o r  o n l y  9  r eg iona l  
f a c i  1 i t y  l o c a t i o n s  (however, bypass p i p i n g  o f  e f f l u e n t s  t o  d i f f e r e n t  
r i v e r  sec t i ons  was a l s o  cons idered) .  
2. Flows shipped over common p i p i n g  routes a re  a u t o m a t i c a l l y  
combined i n  a  s i n g l e  p ipe.  
3.  Cost f u n c t i o n s  can be o f  any form w i t h  respec t  t o  waste f l o w  
handled and a  g l oba l  minimum i s  s t i l l  found. 
The model was app l i ed  t o  da ta  f rom a  p rev ious  r e g i o n a l i z a t i o n  s tudy 
o f  the  Delaware Es tuary  and i t s  performance under a  v a r i e t y  o f  c o s t  
f unc t i ons  w i t h  two smal l e r  r i v e r  systems was i nves t i ga ted .  The 
performance o f  the model can be summarized as f o l  lows: 
1. A 43% less  c o s t l y  s o l u t i o n  t o  the  Delaware problem was found 
i n  one t h i r d  t he  t ime as compared w i t h  Graves e t  a l .  (1970). 
2. Computer s torage requirements f o r  the coded ve rs i on  o f  the model 
a re  moderate. The Delaware prob lem was so lved  us ing  110 k i l o b y t e s  o f  
s torage.  
3 .  The model i s  capable o f  genera t ing  f e a s i b l e  s o l u t i o n s  which a re  
e i t h e r  op t ima l  o r  w i t h i n  a  few percen t  o f  o p t i m a l i t y  ve r y  q u i c k l y  f rom 
the  r e s u l t s  o f  a  s i n g l e  dual  maximizat ion.  For instance, a  s o l u t i o n  t o  
t he  Delaware problem guaranteed t o  be w i t h i n  2% o f  the optimum (and which 
a c t u a l l y  was the  optimum) was ob ta ined  i n  1 i t t l e  over a  minute. 
4. D u a l i t y  gaps can occur  f r e q u e n t l y  ( i n  11 ou t  o f  17 problems 
so lved) .  However, op t ima l  s o l u t i o n s  a re  immediately a v a i l a b l e  t o  problems 
w i t h  mod i f i ed  D O  goals.  I n  most o f  the problems examined these goals  were 
w i t h i n  a  few percent  o f  the o r i g i n a l s .  To reso l ve  such gaps and o b t a i n  
op t ima l  s o l u t i o n s  f o r  the o r i g i n a l  goals,  the branch and bound procedure 
i s  an e f f e c t i v e  method, a l though  no conc lus ions  can be made concern ing  
the  bes t  branching r u l e .  
Th is  bas i c  vers ion  o f  the  model was extended t o  i nc l ude  branched 
r i v e r  systems and bypassing o f  wastes t o  o the r  d ischarge  p o i n t s .  However, 
the computat iona l  f e a s i b i l i t y  o f  these extens ions remains unknown. 
Keeping the  assumption o f  l i n e a r  source c o n f i g u r a t i o n  i t  was shown how 
two o t h e r  r eg iona l  t reatment f a c i l i t y  problems cou ld  be solved. The f i r s t  
o f  these e l im ina tes  degree o f  waste t reatment  as a  d e c i s i o n  v a r i a b l e  w h i l e  
the  second requ i r es  degree o f  t reatment  t o  be u n i f o r m  a t  a l l  f a c i l i t i e s .  
I n  Appendix A severa l  approaches a re  g i ven  f o r  ex tend ing  the model t o  
cons ider  the e f f e c t  o f  v a r i a b l e  r i v e r  f l o w  due t o  r e g i o n a l i z a t i o n  on the 
r i v e r  parameters which e s t a b l i s h  the  BOD-DO r e l a t i o n s .  F i n a l l y  i t  should  
be noted t h a t  the bas ic  approach t o  f o r m u l a t i n g  and s o l v i n g  the model under 
the l i n e a r  source c o n f i g u r a t i o n  and o the r  r e g i o n a l i z a t i o n  r e s t r i c t i o n s  
cou ld  be a p p l i e d  t o  more genera l  source and a l l owab le  r e g i o n a l i z a t i o n  
arrangements p rov ided  t h a t  e f f  i c i e n t  methods a re  a v a i l a b l e  f o r  s o l v i n g  
the r e s u l t i n g  f a c i l i t y  l o c a t i o n  p o r t i o n  o f  the  problem. 
The model developed i n  t h i s  research can be e f f e c t i v e l y  u t i l i z e d  i n  
water qual  i t y  management s t ud ies  p r o v i d i n g  i t s  r o l e  i n  such s tud ies  i s  
p r o p e r l y  understood. To i l l u s t r a t e  t h i s  p o i n t  we can take as an example 
the p r e p a r a t i o n  o f  a  bas in  p l a n  as s p e c i f i e d  by  Environmental  P r o t e c t i o n  
Agency Guide1 ines (1971). One o f  the purposes o f  such a  p l a n  i s  " t o  
maximize the c o s t  e f f e c t i v e n e s s  o f  investments i n  p o l l u t i o n  abatement and 
p reven t  i on  a c t i o n s  r equ i r ed  t o  ach ieve n a t i o n a l  water qual  i t y  ob jec t i ves" .  
The s teps i nvo l ved  i n  produc ing the  b a s i n  p l a n  a re  shown i n  F ig .  6.1. 
Economic o p t i m i z a t i o n  models, such as the r e g i o n a l i z a t i o n  model 
developed i n  t h i s  work, can a i d  the p lanner  i n  syn thes i z i ng  the most c o s t  . 
e f f e c t i v e  p l a n  f rom the m u l t i t u d e  o f  a l t e r n a t i v e s  a v a i l a b l e  t o  him. 
However, the amount and q u a l i t y  o f  the i n f o rma t i on  he ob ta i ns  w i l l  depend 
on h i s  unders tanding o f  the model 's assumptions and l i m i t a t i o n s  and the 
q u a l i t y  o f  the  i n p u t  da ta  which i s  used. With re fe rence  t o  the r e g i o n a l i -  
z a t i o n  model i t  should be noted t h a t  the re  a re  many ques t ions  which must 
be answered i n  the  bas in  p l a n  no t  cons idered i n  the model. These inc lude  
1. c o n t r o l  measures f o r  o the r  p o l l u t a n t s  besides carbonaceous BOD 
2. c o n t r o l  measures f o r  d i s t r i b u t e d  sources such as land r u n o f f  
and nonsteady sources such as s to rm water  over f lows  
3. u t i l i z a t i o n  o f  o t he r  c o n t r o l  measures such as f l o w  regu la t i on ,  
temporary waste storage, and in-s t ream a e r a t i o n  
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Figure  6.1 Steps i n  Prepar ing a Water Qual i t y  Management P lan  
4. e f f e c t s  o f  v a r i a b i l i t y  i n  t rea tment  p l a n t  performance on water 
qua1 i t y  f o r  r eg iona l  ized systems 
5. t i m i n g  the  c a p a c i t y  expansion o f  f a c i l i t i e s  t o  accommodate the 
growth i n  waste loads 
6. r e s o l u t i o n  o f  e q u i t y  problems which a r i s e  when one d i scha rge r  
must p rov i de  more t rea tment  than another  whom he cons iders  h i s  equa l .  
These omissions o b v i o u s l y  p rec lude  the  use o f  the  model as the  s o l e  bas i s  
f o r  making po l  i c y  dec is ions .  I ns tead  the model, and o the rs  1 i ke  it, 
should  be viewed as a  sc reen ing  dev ice which leads the p lanner  i n  the  
d i r e c t i o n  o f  the  "best "  s o l u t i o n .  The b e n e f i t s  i n  terms o f  the i n f o r m a t i o n  
generated by  us ing  the model can f a r  outweigh the  cos ts  i n  man hours o f  
r unn ing  t he  model. 
A conceptua l  framework f o r  u t i l i z i n g  o p t i m i z a t i o n  models i n  t he  b a s i n  
p l ann ing  s tudy  i s  shown i n  F ig .  6.2. A f i r s t  step i s  the s e l e c t i o n  o f  the 
app rop r i a t e  models t o  be used. Th is  i s  done on the  bas i s  o f  the  p o l i t i c a l ,  
s o c i a l  and i n s t i t u t i o n a l  c o n s t r a i n t s  imposed and the k i nds  o f  a l t e r n a t i v e s  
a v a i l a b l e .  Next the  necessary i npu t  da ta  f o r  these models a re  acqu i red  
and a l l  model parameters a re  c a l c u l a t e d .  On f i r s t  runn ing  o f  the model 
t h i s  may be a  r a t h e r  crude e f f o r t  t o  be s t rengthened l a t e r  i n  the  areas 
which the model shows t o  be most s e n s i t i v e .  
The models a re  then run  under a  v a r i e t y  o f  i npu t  c o n d i t i o n s  and 
assumptions. For instance, w i t h  respec t  t o  the r e g i o n a l i z a t i o n  model, 
the  f o l l o w i n g  types o f  analyses cou ld  be made 
1 .  severa l  runs w i t h  i nc reas ing  waste loadings, t o  observe the 
change i n  r eg iona l  i z a t i o n  pa t t e rns  over t ime as waste p r o d u c t i o n  grows 
i n  the b a s i n  
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A p p l i c a t i o n  o f  Minimum Cost 
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S e n s i t i v i t y  Ana l ys i s  
F igu re  6.2 U t i l i z a t i o n  o f  Op t im i za t i on  Models i n  Bas in  P lanning 
2. se l ec ted  d ischargers  a l r e a d y  p r o v i d i n g  a  h i g h  l e v e l  o f  t reatment  
can be excluded f r om those a l lowed t o  r e g i o n a l i z e  s i nce  a d d i t i o n a l  
t reatment  would be o f  l i t t l e  va lue f o r  such sources 
3. r equ i r ed  t reatment  l e v e l s  f o r  o t h e r  p o l  l u t a n t s  besides BOD can 
be s e t  i n  advance thus a f f e c t i n g  t he  magnitudes o f  the c o s t  f unc t i ons  
4. f l o w  r e g u l a t i o n  s t r a t e g i e s  can be cons idered by f i x i n g  t he  l e v e l  
o f  f l o w  augmentat ion i n  advance and then s o l v i n g  the r e g i o n a l i z a t i o n  model. 
I n  a d d i t i o n  the  s e n s i t i v i t y  o f  t he  r e s u l t s  t o  changes i n  va r ious  model 
parameters can be es tab l i shed .  Th is  may necess i t a t e  a  r e t u r n  t o  the data 
c o l l e c t i o n  and parameter e s t i m a t i o n  phase o f  the s t u d y  t o  o b t a i n  more 
accura te  values o f  these parameters. 
The r e s u l t s  o f  the o p t i m i z a t i o n  model runs ( r eg iona l  f a c i l i t y  
arrangements and degree o f  BOD removal) can then fo rm the  inpu t  f o r  a  
more d e t a i l e d  a n a l y s i s .  Th is  a n a l y s i s  would inc lude  dec i s i ons  on those 
items no t  e x p l i c i t l y  cons idered i n  t he  o p t i m i z a t i o n  model, some o f  which 
a re  l i s t e d  above. The use o f  s i m u l a t i o n  models would be h e l p f u l  a t  t h i s  
stage. These models would p r e d i c t  the  complete env i ronmenta l  impact o f  a  
d e t a i l e d  p o l l u t i o n  c o n t r o l  s t r a tegy .  Using the  i n f o r m a t i o n  ob ta ined  f rom 
the  o p t i m i z a t i o n  models as a  s t a r t i n g  p o i n t  such a  s t r a t e g y  cou ld  be 
synthes i zed  and i t s  env i ronmenta l  performance moni tored by the s  imu la t  i o n  
model. C e r t a i n  areas o f  the s t r a t e g y  may r e q u i r e  a l t e r a t i o n  so t h a t  
env i ronmenta l  o b j e c t i v e s  a r e  met. Exper iment ing w i t h  d i f f e r e n t  combinat ions 
o f  a l t e r n a t i v e s  which lead  t o  lower cos t s  would a l s o  be done. The ou tpu t  
o f  the  s i m u l a t i o n  s t ud ies  may generate i n f o r m a t i o n  on how the  input  t o  t he  
o p t i m i z a t i o n  models should  have been spec i f i ed .  Thus a  r e t u r n  t o  the  
o p t i m i z a t i o n  model cou ld  be made t o  generate another  s e t  o f  i npu ts  t o  the 
s i m u l a t i o n  model. For example, i f  the  r e g i o n a l i z a t i o n  model suggested 
a  h i g h l y  r e g i o n a l i z e d  system which t h e  s i m u l a t i o n  model showed would 
c o n t i n u o u s l y  v i o l a t e  water qual  i t y  standards because o f  the  var  iab i 1  i t y  
i n  t rea tment  p l a n t  performance then t he  r e g i o n a l i z a t i o n  model c o u l d  
be run  aga in  w i t h  the s i z e s  o f  t rea tment  p l a n t s  r e s t r i c t e d  a t  c e r t a i n  
l o c a t i o n s .  
Another such feedback loop c o u l d  be c rea ted  between the  s i m u l a t i o n  
s t u d i e s  and the  da ta  c o l l e c t i o n  and parameter e s t i m a t i o n  a c t i v i t i e s  as i t  
became c l e a r  t h a t  b e t t e r  accuracy would be requ i red .  Guid ing t he  syn thes is  
o f  t he  b a s i n  p l a n  a t  eve ry  s tage a r e  t he  e v a l u a t i o n  methods which conve r t  
a l l  dec i s i ons  i n t o  cos t  f i g u r e s  and cons ider  o t h e r  performance ind ices  
such as ease o f  implementat i on  and e q u i t y .  The end r e s u l t  o f  t h i s  process 
i s  the f o r m u l a t i o n  o f  a  s e t  o f  water qua l  i t y  management dec i s i ons  which 
w i l l  o b t a i n  t he  des i r ed  water  qual  i t y  o b j e c t i v e s  i n  t he  b a s i n  i n  a  h i g h l y  
c o s t  e f f e c t i v e  manner. 
I n  our  example we have assumed t h a t  t he  water  qual  i t y  o b j e c t i v e s  
were e s t a b l i s h e d  s e p a r a t e l y  f rom the b a s i n  p lan.  Yet t o  s p e c i f y  a  l e v e l  
o f  water  q u a l i t y  which i n  some sense p rov ides  the g r e a t e s t  measure o f  
s o c i a l  u t i l i t y  r equ i r es  t h a t  the  b e n e f i t s  d e r i v e d  f r om a  p a r t i c u l a r  l e v e l  
be compared w i t h  t he  cos ts  o f  a c h i e v i n g  i t .  Thus we c o u l d  add t o  our  
p l a n n i n g  process d i sp l ayed  i n  F ig .  6.1 the  f o l l o w i n g  i tems:  
1. an a d d i t i o n a l  b l o c k  which eva lua tes  t he  b e n e f i t s  rece ived  f rom 
t h e  s t a t e d  water q u a l i t y  o b j e c t i v e s  and the fo rmu la ted  b a s i n  p lan,  
2. a  feedback loop t o  the statement o f  o b j e c t i v e s  on which the 
o b j e c t i v e s  would be reeva lua ted  and s u i t a b l y  mod i f i ed  i n  r e l a t i o n  t o  
b e n e f i t s ,  costs ,  and o the r  i n t a n g i b l e  s o c i a l  and p o l i t i c a l  f a c t o r s .  
W i t h i n  t h i s  expanded framework our water  q u a l i t y  goals can be e s t a b l i s h e d  
on  a  r a t i o n a l  bas is .  
APPENDIX A. EXTENS I O N S  OF THE WATER QUALITY CONSTRAINTS 
I n  what f o l l o w s  we show how c o n s t r a i n t s  can be w r i t t e n  which r e l a t e  
d i s s o l v e d  oxygen goals  a t  p o i n t s  i n  a  r i v e r  t o  wastewater f l o w  and BOD 
d ischarges.  The r i v e r  i s  d i v i d e d  i n t o  N reaches. For  convenience we 
p l ace  each waste d ischarger  o r  t r i b u t a r y  f l o w  a t  the beg inn ing  o f  each 
reach and we a re  g i v e n  a  known d i s s o l v e d  oxygen (DO)  l e v e l  wh i c h  must be 
a t t a i n e d  a t  the  end o f  each reach, A c t u a l l y  the  d ischargers  and downstream 
D O  c o n t r o l  p o i n t s  cou ld  be p laced  anywhere i n  the  reach. R i v e r  parameters, 
w i t h  the  e x c e p t i o n  o f  BOD, DO, and f low,  a re  assumed cons tan t  w i t h i n  each 
reach, The f o l l o w i n g  n o t a t i o n  i s  used. 
- 1 K 1 1  = BOD deoxygenat ion r a t e  c o e f f i c i e n t  i n  reach j, day j 
- 1 K12j = BOD removal r a t e  c o e f f i c i e n t  i n  reach j, day 
- 1 K2 = r e a e r a t i o n  r a t e  c o e f f i c i e n t  i n  reach j, day j 
t = t ime o f  f l o w  through reach j, days j 
b  = s t ream BOD a t  end o f  reach j , 1 b/day j 
c  = s t ream D O  c o n c e n t r a t i o n  a t  end o f  reach j, l b / m i l  ga l  j 
(bb) . = stream BOD a t  beg inn ing  o f  reach j, j u s t  downstream J 
o f  a  waste d ischarger ,  l b /day  
( ~ b ) ~  = stream D O  concen t ra t i on  a t  beg inn ing  o f  reach j, j u s t  
downstream o f  waste d  ischarger ,  1 b/mi 1 ga l  
f .  = f l o w  i n  reach j, mgd 
J 
= f l o w  d ischarged t o  stream b y  p o l l u t e r  (o r  t r i b u t a r y )  j 
a t  beg inn ing  o f  reach j, mgd 
z = BOD d ischarged t o  stream by  p o l l u t e r  (or  t r i b u t a r y )  a t  j 
beg inn ing  o f  reach j, lb /day  
( C W ) ~  = D O  c o n c e n t r a t i o n  i n  f l o w  of j t h  d ischarger ,  l b / m i l  ga l  
( c s ) ~  = s a t u r a t i o n  D O  concen t ra t  i o n  i n  reach j, l b /  m i l  g a l .  
We assume t h a t  temperature e f f e c t s  a r e  n e g l i g i b l e  so t h a t  values of  K11 j ' 
K12 K2. and (cs ) .  are  known cons tan ts  f o r  each reach. As shown l a t e r ,  j ' J J 
K2. and t. a r e  r e a l l y  f unc t i ons  o f  ( y  , y2,. . . ,y.) b u t  f o r  t he  moment we 
J J 1 J 
assume they  a r e  constants .  A l s o  known i n  advance a r e  values o f  y  and z  j j 
f o r  t r i b u t a r y  in f lows ,  ( c w ) ~  f o r  each waste d ischarger ,  and i n i t i a l  
c o n d i t i o n s  b  c  and f f o r  a  p o i n t  j u s t  above the  f i r s t  d i scharger .  
0' 0' 0 
These q u a n t i t i e s  can be computed based on the  e x i s t i n g  f l o w  and BOD 
d ischarges  ( the  vec to rs  q  and s, r e s p e c t i v e l y ) .  
Assuming comp1,ete m i x i ng  across the cross s e c t i o n  and no l o n g i t u d i n a l  
d i s p e r s i o n  t he  Camp-Dobbins f o rm  o f  the  St reeter -Phelps equat ions a r e  
where 
b. = a. (bb) 
J J j 
From mass balances a t  t he  beg inn ing  o f  each reach we o b t a i n  
(bb). = bj- l  + Z j  
J 
f,. (cb) = f jm l  c j - l  + y. ( c w ) ~  J j J 
prr e 
Aq zLv pue saD!JJew N x N ayJ 6u!~ouaa 
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and t he  N x  1 vec to r  a2, 
r e s u l t s  i n  t he  f o l l o w i n g  m a t r i x  equa t i on  
A21 C f  = A22 
- A23 b  + A24 f + a2 
where 
T 
f = C f , ,  f 2  ,* . . ,  fN1 
T 
y  = [Y, J Y2,"' J y N I  
S u b s t i t u t i n g  (A07)  f o r  b  g ives  
From (A.5), f can be w r i t t e n  as 
where 
(A. 10) 
S u b s t i t u t i n g  (A. 10) i n t o  (A.9) gives 
I t  fo l l ows  t h a t  i f  the c  ' s  are se t  a t  some standard which must be a t ta ined  j 
then the corresponding inequal i t y  c o n s t r a i n t  set  becomes 
which can be r e w r i t t e n  as 
where 
Thus we have expressed DO cons t ra in t s  i n  terms o f  f l o w  and BOD 
discharges. Note tha t  the cons t ra in t s  o f  (A. 11) are 1 inear and separable 
i n  the y  I s  and z  Is .  I f  we replace t h e . o r i g i n a 1  D O  cons t ra in t s  o f  the j j 
reg iona l  i z a t  ion  problem (Eqs. (3.9)) w i t h  (A. 11) the r e s u l t i n g  dual 
f u n c t i o n  i s  
. . 
h (u )  = min X [P. + T. +- ( Z (a i j ) ,  ui) yj 
y,z j = l  J J i = l  
For a  g i ven  u  t h i s  can be eva lua ted  by  the dynamic programming r e c u r s i o n  
N 
discussed i n  Sec t ion  3.2 where now t h e  t e rm  ( X u.) y. i s  added t o  
i = 1 I J J 
t he  r e t u r n  f u n c t i o n  f o r  each stage. Thus t h i s  e x t e n s i o n  o f  the D O  
c o n s t r a i n t s  poses no problem f o r  t he  s o l u t i o n  a l go r i t hm .  
I n  the above a n a l y s i s  we assumed t h a t  K2 and t were cons tan t .  j j 
However, we know t h a t  t hey  a re  r e a l l y  f unc t i ons  o f  streamflow, f which j ' 
can va ry  due t o  r e g i o n a l i z a t i o n ,  i f  s t reamf low i s  sma l l  and wastef low i s  
la rge .  These parameters can be r e l a t e d  t o  s t reamf low as f o l l o w s .  
R i ve r  depth and v e l o c i t y  can be e m p i r i c a l l y  r e l a t e d  t o  f l o w  by  
(Leopold and Maddock (1953)) 
H = B f  8 
V = e l f  8 '  
where H  = depth 
V = v e l o c i t y  
8, @I, 8, 4 '  = cons tan t s .  
For cons tan t  v e l o c i t y  throughout a  reach, the t ime o f  f l o w  i n  reach j i s  
where A. = l eng th  o f  reach j. 
J 
(A. 12) 
Ts ivog lou  and Wal lace (1972), i n  t h e i r  rev iew o f  p r e d i c t i o n  
equa t ions  f o r  K2, no te  t h a t  most take  t he  form 
where 7 ,  d l ' ,  and 6 " '  a r e  cons tan ts .  
S u b s t i t u t i n g  f o r  V and H g i ves  
Now t h e  q u a n t i t i e s  t and K2. have been expressed as n o n l i n e a r  j J 
f u n c t i o n s  o f  t h e  streamflow, f which i s  i t s e l f  a  f u n c t i o n  o f  t h e w a s t e  j ' 
f l o w  discharges, 
As a  r e s u l t ,  t h e  e n t r i e s  i n  t he  ma t r i ces  A l ,  A2, and a  o f  t h e  D O  
c o n s t r a i n t s  (A.1 1) a r e  non l i nea r  f u n c t i o n s  o f  t h e  v e c t o r  o f  waste f l o w  
discharges, y .  Since t h e s e c o n s t r a i n t s a r e  n o w n o  longer  separab le  i n y  
t h e  dua l  f u n c t i o n  o f  t h e  r e g i o n a l i z a t i o n  problem cannot be eva lua ted  by 
dynamic p r o g r a m i n g .  I n  f a c t  i t s  e v a l u a t i o n  by any o t h e r  techn ique  would 
be such an arduous t ask  as t o  make t h e  dual  s o l u t i o n  approach i m p r a c t i c a l  . 
One way t o  save t he  use of t h e  dual  method would be t o  1 i nea r  i ze 
( ~ . 1 1 )  around t h e  va lue o f  the  e x i s t i n g  discharges, (q, s ) .  Using a  
- 1 f i r s t  o rder  Tay lo r  s e r i e s  expansion o f  ( ~ . 1 1 )  and recogn i z i ng  t h a t  A l l  
can be expressed as 
g i v e s  a  l i n e a r i z e d  approx imat ion  o f  t h e  D O  c o l i s t r a i n t s  as 
Bo + Bl(q - Y )  + B 2 ( s  - 2 )  S O  (A. 14) 
where 
J  (.)  = N x N Jacobian w i t h  respect  t o  y o  
Y  
The r e s u l t i n g  l i n e a r i z e d  D O  c o n s t r a i n t s  a r e  once aga in  separable i n  y  and 
z and so t h e r e  i s  no  problem i n  us i ng  t h e  dual  method. However, i t  i s  no t  
c l e a r  how much e r r o r  i s  in t roduced  th rough  t h e  1 i n e a r i z a t  i on .  If t h e  
n o n l i n e a r i t i e s  i n  Al,A2, and a  a r e  l a r g e  and t h e  op t ima l  y  produces a  
s t reamf low ve ry  d i f f e r e n t  from t h e  o r i g i n a l  base f l o w  t hen  t h i s  approach 
might  be meaningless.  
A second approach i s  t o  work d i r e c t l y  w i t h  t h e  stagewise equa t ions  
(A .  1 )  and (A.2) i ns tead  o f  combining a1 1 p rev ious  stages. The r e s u l t i n g  




where c  (STD) i = D O  standard f o r  reach i ;  c u i ,  Bi, and y. a re  non l i nea r  I 
f u n c t i o n s  o f  f ; and fo, bo, and co  a re  known. Cons t ra i n t s  (A. 16) and 
(A. 17) i n t r oduce  2 N  coupled equal i t y  c o n s t r a i n t s  i n t o  t h e  reg iona l  i z a t i o n  
problem as opposed t o  j u s t  N coupled inequal  i t y  c o n s t r a i n t s  when t he  above 
equat ions  a r e  w r i t t e n  i n  t h e i r  combined form. I f  t he  model i s  dua l i zed  
w i t h  respect  t o  these c o n s t r a i n t s  then 2 N  dual v a r i a b l e s  a r e  requ i red .  
Let  ul , . . . ,u be such v a r i a b l e s  correspondl  ng t o  (A. 16), and v l  , . . . ,vN N 
correspond t o  (A. 17).  
The dual  f u n c t i o n  f o r  t h i s  new f o r m u l a t i o n  becomes 
N U i  Y; V. 
I h(u,v) = m in .  Z [ P i  + Ti - V. z i  + (g+ - - vi+l) bi 
I i ' ix,y, i = l  
whe r e  (mi n) i 
= reasonable bounds on stream BOD i n  reach i 
(max) i t o  insure  t h a t  a  minimum can be a t t a i n e d  
and U 
v N+ l  
For  a  g i ven  (u, v )  i t  can be eva lua ted  by t h e  d i s c r e t e  dynamic programming 
r e c u r s i o n  g i ven  i n  Sec t i on  3.2 w i t h  t h e  r e t u r n  f u n c t i o n  g i ven  by 
and o.,  Bi, and yi a r e  non l i nea r  f u n c t i o n s  of f i .  
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The dual  v a r i a b l e s  ul, ..., u  correspond t o  c o n s t r a i n t s  1 t o  N  w h i l e  t h e  N 
v a r i a b l e s  vl ,. . .,v correspond t o  c o n s t r a i n t s  N+l t o  2N. Another N 
procedure which appears t o  work we1 1 on equal i t y  cons t ra i ned  problems 
(as r epo r t ed  by Greenberg and Robbins (1972)) i s  t h e  Noose Method o f  
Furman and Weins te in  (1970). The gap t e s t  and r e s o l u t i o n  procedure 
remain the  same. However, us i ng  E v e r e t t ' s  Theorem t o  f i n d  s o l u t i o n s  t o  
problems w i t h  mod i f i ed  r i g h t  hand s ides  i s  meaningless s i nce  i n  t h i s  
f o rmu la t i on ,  due t o  mass balances, t h e  r i g h t  hand s i des  must always be 
zero.  
The advantage o f  t h i s  f o rmu la t i on  i s  t h a t  we a r e  now a b l e  t o  t ake  
i n t o  account a l l  of t h e  e f f e c t s  of v a r y i n g  s t reamf low due t o  r e g i o n a l i z a t i o n  
on t he  stream d i s s o l v e d  oxygen. I n  a d d i t i o n ,  t h e  p o t e n t i a l  e x i s t s  f o r  
i n t r o d u c i n g  t h e  e f f e c t  of temperature.  Thus a  t r u l y  comprehensive r eg iona l  
wa te r  qua1 i t y  model a p p l i c a b l e  t o  r i v e r s  w i t h  a1 1 ranges o f  stream f l o w  
can be developed. The disadvantage i s  t he  doub l i ng  i n  t he  s i z e  o f  t h e  
dual  problem w i t h  t h e  r e s u l t i n g  inc rease  i n  computat iona l  t ime .  The 
technique o f  r e l a x a t i o n ,  d iscussed i n  Sect ion  3.6, used t o  reduce t he  
s i z e  o f  t h e  dual  problem i s  no t  a p p l i c a b l e  here s ince  a l l  c o n s t r a i n t s  
a r e  e q u a l i t i e s .  For l a r g e  systems i t  i s  no t  c l e a r  whether t h e  b e n e f i t s  
t o  be ga ined by us i ng  the  more accu ra te  approach outweigh t he  
computat iona l  cos t s .  
APPEND I  X B. COMPUTER PROGRAM 
PORST i s  a  computer program des igned t o  max imize t h e  dua l  o f  t h e  
r e g i o n a l i z a t i o n  model o f  Chapters 2  and 3  (PORSTI)  and s o l v e  t h e  minimum 
c o s t  degree o f  t r e a t m e n t  problem f o r  a  f i x e d  r e g i o n a l  f a c i l  i t y  c o n f i g u r a -  
t i o n  ( P o R S T ~ ) .  I t  i s  w r i t t e n  i n  ASA Standard  FORTRAN I V  f o r  implementa- 
t i o n  o n  an IBM 360/75 computer. W i t h  r e f e r e n c e  t o  t h e  comple te  s o l u t i o n  
a l g o r i t h m  as d e s c r i b e d  i n  S e c t i o n  3.5,  PORST i s  used whenever t h e  dua l  t o  
a  r e g i o n a l  i z a t  i o n  problem i s  maximized o r  a  l e a s t  c o s t  degree o f  t r e a t m e n t  
p rob lem f o r  f i x e d  r e g i o n a l  c o n f i g u r a t i o n  must be s o l v e d .  The rema in ing  
s t e p s  o f  t h e  a l g o r i t h m  a r e  c a r r i e d  o u t  manua l l y  by t h e  a n a l y s t .  
I f  no dua l  i t y  gap o c c u r s ,  PORST ( P O R S T ~  ) need be run o n l y  a  
s i n g l e  t i m e .  I f  a  gap does o c c u r ,  t h e  o p t i m a l  s o l u t i o n  t o  a  r e g i o n a l i z a -  
t i o n  prob lem w i t h  d i f f e r e n t  DO g o a l s  i s  r e a d i l y  a t  hand. I f  t h e  gap i s  
t o  be r e s o l  ved by  b r a n c h  and bound, t h e  a1 t e r n a t e  r e g i o n a l  c o n f i g u r a t i o n s  
o c c u r r i n g  a t  t h e  maximum o f  t h e  dual  shou ld  be a v a i l a b l e  by i n s p e c t i o n  o f  
t h e  o u t p u t  o f  PORSTl. Then PORST2 i s  used t o  f i n d  t h e  minimum c o s t  degree 
o f  t r e a t m e n t  s o l u t i o n s  f o r  t h e s e  c o n f i g u r a t i o n s .  F i n a l  l y ,  PORSTl i s  r u n  
a g a i n  as t h e  b r a n c h i n g  process o f  t h e  a l g o r i t h m  u n f o l d s .  
T h i s  v e r s i o n  o f  PORST o p e r a t e s  under t h e  f o l l  m i n g  r e s t r i c t i o n s :  
(1 )  The was te  sources a r e  d i v i d e d  i n t o  two groups:  t h o s e  w h i c h  can 
r e g i o n a l i z e  and t h o s e  wh ich  c a n ' t .  
( 2 )  The was te  sources wh ich  can r e g i o n a l  i z e  must 1 i e  i n  a t  most two 
d i s t i n c t  1 i n e a r  segments a l o n g  t h e  r i v e r .  
(3 )  As imp1 i e d  by  t h e  r e g i o n a l i z a t i o n  r e s t r i c t i o n s  on w h i c h  t h e  
model was f o r m u l a t e d ,  a  r e g i o n a l  f a c i l  i t y  can o n l y  s e r v e  a  c o n s e c u t i v e  
sequence o f  a d j a c e n t  sources.  On ly  t h e  sources on t h e  ends o f  such a  
sequence can s p l i t  t h e i r  waste f lw  between a t -source  and reg iona l  t r e a t -  
ment ( o r  reg ional  t reatment  a t  two d i f f e r e n t  l o c a t i o n s ) .  The user  must 
s p e c i f y  t h e  f r a c t i o n s  i n t o  which t h e  source f l o w  can be s p l i t .  
(4)  The same cost  f u n c t i o n  f o r  reg iona l  t reatment  appl i es  a t  a1 1 
l o c a t  ions. The cost  f u n c t i o n  f o r  a t -source t rea tment  can vary  a t  each 
l o c a t i o n  by t h r e e  parameters, one o f  which s p e c i f i e s  t he  maximum amount 
o f  BOD which can be removed. One suggested f u n c t i o n a l  form i s  
Cost o f  a t -source  BOD 
removal f o r  source I 1 = c1(1)  * ( S ( I )  - ~ ( 1 ) )  c2(1)  
where C 1  (1) and ~ 2 ( 1 )  a re  c o e f f i c i e n t s ,  S ( I )  i s  t he  present  BOD discharge, 
and Z ( I )  i s  t h e  BOD d ischarge a f t e r  t reatment .  Note t h a t  i f  a  1 i near  
cos t  f u n c t i o n  i s  used then an a d d i t i o n a l  l i n e a r  programming s tep  may be 
necessary. Refer t o  Sect ion 3.6. 
(5 )  Should a  f a c i l  i t y  a t  l o c a t i o n  I t r e a t  o n l y  t he  source f l o w  o f  
l o c a t i o n  1 - 1  o r  1+1 then t he  cos t  i s  c a l c u l a t e d  us ing  t he  a t -source  t r e a t -  
ment cos t  f unc t i on  o f  l o c a t i o n  1 - 1  o r  1+1. 
Both t he  reg iona l  i z a t i o n  problem and t h e  degree o f  t reatment  
problem f o r  f i x e d  reg iona l  c o n f i g u r a t i o n  have t h e i r  dua ls  maximized by a  
column generat i o n  1 i near  programming a1 g o r i  thm. For g i ven  values o f  t he  
dual v a r i a b l e s  ( ~ a g r a n g e  m u l t i p l i e r s )  t h e  dual f u n c t i o n  f o r  t he  r e g i o n a l i -  
z a t i o n  problem i s  eva lua ted  by dynamic programming. The dual f u n c t i o n  f o r  
t he  degree o f  t reatment  problem i s  eva lua ted  by a  s e r i e s  o f  u n i v a r i a t e  
m in im iza t i ons .  The corresponding p r ima l  s o l u t i o n  adds another column t o  
a  l i n e a r  program, t h e  s o l u t i o n  o f  which p rov ides  an upper bound on t h e  
maximum o f  t h e  dual  and t h e  dual v a r i a b l e s  f o r  t he  next  i t e r a t i o n .  Termi- 
n a t i o n  occurs when t h e  upper bound i s  c l o s e  enough t o  t he  bes t  dual va lue  
achieved. The procedure i s  i n i t i a t e d  w i t h  l a r g e  dual v a r i a b l e  values so 
t h a t  a  f e a s i b l e  p r ima l  s o l u t i o n  may be ob ta ined .  
The i npu t  requ i  rements concern ing waste sources, DO t r a n s f e r  
c o e f f i c i e n t s ,  and DO improvement goa ls  a re  t h e  same f o r  bo th  PORSTl and 
PORST2. To t h i s  b a s i c  da ta  s e t  PORSTl adds bound on t h e  a l l owab le  s i zes  
o f  f a c i l i t i e s  a t  c e r t a i n  l o c a t i o n s  as g i v e n  by t h e  branch and bound pro-  
cedure. PORST2 adds a s p e c i f i c  r eg iona l  f a c i l i t y  arrangement as i npu t .  
To prepare t h e  problem data f o r  i npu t ,  t h e  user  shou ld  number t h e  sources 
consecu t i ve l y  s t a r t i n g  w i t h  those i n  t h e  f i r s t  segment, then those i n  t h e  
second segment and f i n a l  l y  those which c a n ' t  reg iona l  i ze .  A1 so t h e  reaches 
i n  t h e  r i v e r  should  be numbered f rom 1 t o  NREACH. I f  reaches are assumed 
compl e t e l  y  m i xed as i n  t h e  Thomann (1 972) BOD-DO mode 1 then t h e  reaches t o  
which waste can be d ischarged a re  numbered f rom 1 t o  MREACH. Otherwise, 
a1 1 i n d i v i d u a l  d i scharge  p o i n t s  a re  so numbered. 
The i npu t  da ta  appear i n  t h e  f o l  l w i n g  o r d e r  and fo rmat :  
T i t l e  Card 
columns 1-6 PORSTl ( t o  maximize t h e  dual o f  t h e  reg iona l  wastewater 
o r  t rea tment  problem) 
PORST2 ( t o  s o l v e  t he  minimum cos t  degree o f  t reatment  
problem f o r  a  g i ven  reg iona l  f a c i  1 i t y  c o n f i g u r a t i o n )  
co l  umns 7-80 an o p t  i onal t i t  1 e. 
Stop C r i t e r i a  Card 
TOLl , TOL2 (2F10.7) where 
TO11 = f r a c t i o n a l  d i f f e r e n c e  o f  maximum dual  va l ue  f rom i t s  upper bound 
which te rm ina tes  program. 
TOL2 = f r a c t i o n a l  d i f f e r e n c e  o f  maximum dual va lue  from i t s  upper bound 
below which d e t a i l e d  ou tpu t  i s  p r i n t e d .  De fau l t  va lue i s  
TOL1Y:l . E4.  
Problem S ize  Card 
NLl , NL2, NLNR, NREACH, MREACH (512) where 
NLl = number o f  sources i n  segment one. 
NL2 = number o f  sources i n  segment two. 
NLNR = number o f  sources which c a n ' t  reg iona l  i ze .  
NREACH = number o f  reaches i n  r i v e r .  
MREACH = number o f  reaches which rece i ve  waste discharges o r  number o f  
d ischarge po in t s  (see above). 
Source Cards (one f o r  each source I )  
N R ( I ) ,  NSPLIT, Q ( I ) ,SBAR( I ) ,  ~ ( 1 1 ,  ZMAX(I), ~ 1 ( 1 ) ,  C2(1), ~ ( 1 )  ( 2 1 2 , 8 ~ ,  7F10.2) 
where 
NR( I )  = reach o r  d ischarge p o i n t  t o  which source discharges. 
NSPLIT = number o f  equal l y  spaced b reakpo in ts  f o r  source f l o w  t o  determine 
a1 lowable l e v e l s  o f  sp l  i t  f lows.  De fau l t  va lue  i s  1 .  
~ ( 1 )  = source f low,  mgd. 
SBAR( I  )= un t rea ted  i n f l u e n t  source BOD, 1 b/day. 
~ ( 1 )  = c u r r e n t  e f f l u e n t  BODdischarged, lb/day. 
ZMAX ( I ) =  maximum BOD removal by at -source t reatment  , lb/day. 
C l ( 1 )  
= c o e f f i c i e n t s  i n  a t -source BOD removal cost  f u n c t i o n .  
c2 ( 1 
D ( I )  = d i s t a n c e  t o  downstream source, m i l e s  (not en te red  f o r  sources 
which c a n ' t  reg iona l  i z e .  
DO T rans fe r  C o e f f i c i e n t  Cards 
A ( I  ,J) ( ( I = ]  ,NREACH), J= l  ,MREACH) ( 8 ( ~ 9 . 3 , 1 ~ ) )  where 
A( I  , J )  = change i n  DO i n  reach I due t o  u n i t  change i n  BOD d ischarged 
i n  reach J  o r  d ischarge  p o i n t  J ,  mg/ l / lb /day.  
DO Standards Cards 
STD(I )  ( ! = I  ,NREACH) ( 8 ~ 1 0 . 5 )  where 
STD ( I  ) = DO improvement requ i red i n  reach I  , mg/ 1 . 
The f o l l o w i n g  cards would be used w i t h  PORSTI: 
Bounds on  Faci 1 i t y  S i  zes 
l', YL, YU ( 1 2 , 8 ~ , 2 ~ 1 0 . 2 )  where 
I = f a c i l i t y  l o c a t i o n  number 
YL = lower bound on a l l o w a b l e  f a c i l i t y  s i z e ,  mgd 
YU = upper bound on a l l owab le  f a c i l i t y  s i z e ,  mgd. 
There i s  one such card f o r  each f a c i l  i t y  which i s  bounded i n  s i z e  
( i n i t i a l l y  t h e r e  a re  none). 
The f o l l o w i n g  cards would be used w i t h  PORST2: 
Regional  C o n f i g u r a t i o n  Cards 
~ ( 1 )  ( I = ]  , ~ l - l + ~ l - 2 )  ( 8 ~ 1 0 . 2 )  where 
Y ( I )  = s i z e  o f  f a c i l  i t y  a t  l o c a t i o n  I ,  mgd. 
The program ou tpu t  g ives  t h e  va lues o f  t h e  p r ima l  o b j e c t i v e ,  
t h e  dual  o b j e c t i v e ,  and t h e  upper bound on t he  l a t t e r  a t  each i t e r a t i o n .  
A f t e r  TOL2 i s  reached t he  f o l l o w i n g  va lues a r e  p r i n t e d  a t  each i n t e r a t i o n :  
J  = f a c i l  i t y  l o c a t i o n ,  J = l ,  NLl + NL2 + NLNR 
Y ( J )  = s i z e  o f  f a c i l  i t y  a t  l o c a t i o n  J ,  mgd 
Z (J )  = BOD d ischarged,  1 b/day 
I = r i v e r  reach, I=1, NREACH 
U ( I )  = dual  v a r i a b l e ,  $ / m g / l  
STD ( I ) = DO improvement requ i red, mg/ 1 
G ( I )  = amount which DO i n  reach I i s  below STD( I ) ,  mg/ l .  
From t h e  reg iona l  i z a t i o n  r e s t r i c t i o n s ,  knowing Y ( J )  and Z ( J )  
f o r  a l l  l o c a t i o n s  i s  s u f f i c i e n t  t o  determine t he  a l l o c a t i o n  o f  sources 
t o  reg iona l  f a c i l i t i e s  and t h e  percent  BOD removal p rov ided .  
There a r e  t h r e e  types o f  e r r o r  messages which can appear. One 
i n d i c a t e s  t h a t  a  s t a r t i n g  f e a s i b l e  s o l u t i o n  cannot be found and thus  says 
t h a t  t h e  problem i s  i n f e a s i b l e .  Another occurs  when t h e  f a c i l i t y  p a t t e r n  
inpu ted  f o r  PORST2 i s  i n f e a s i b l e .  The t h i r d  t ype  i n d i c a t e s  t h a t  something 
has gone wrong i n  t h e  column genera t ion  1  i nea r  program ( e i t h e r  i n f e a s i b i  1 i t y ,  
unboundedness, o r  f a  i 1 u re  t o  t e rm ina te )  . 
PORST i s  composed o f  t h e  f o l l o w i n g  subprograms: 
MAlN program - i n i t i a l i z e s  data,  updates column gene ra t i on  LP and dual 
v a r i a b l e s ,  checks s t o p  c r i t e r i a ,  and p r i n t s  ou tpu t .  
l  NPUT - sub rou t i ne  ca l  l e d  by MAIN which reads i n  i npu t  data.  
DUAL - subrou t ine  c a l l e d  by MAIN which eva lua tes  dual f u n c t i o n .  
S IMPLE - sub rou t i ne  c a l l e d  by MAIN which so lves  column gene ra t i on  
LP. W r i t t e n  by R. J .  Clasen, t h e  RAND Corporat ion,  Santa 
Monica, Cal i f o r n i a ,  November, 1965, SHARE SDA3384. 
P  CO ST - user  suppl i e d  f u n c t i o n  c a l l e d  by DUAL which computes cos t  
o f  p i p i n g  between l o c a t i o n s  I and 1+1 g i ven  f l o w  p iped  (YIP)  
and d i s t ance  (DIST).  Negat ive YIP means f l o w  i s  p iped  f rom 
1+1 t o  I .  
TCOSTl - user suppl ied  f u n c t i o n  c a l l  ed by DUAL which computes 
Min imize TCOSTl = T ( Y  I , W I  , W I  B,ZSTAR) + TAX;kZSTAR 
Subject t o  L  < ZSTAR < U where 
- - 
T = cost  o f  reg iona l  t reatment  as f u n c t i o n  o f  f a c i l  i t y  s i z e  
(Y  I ) ,  i n f  1 uent  BOD based on c u r r e n t  d i  scharges (WI ) , 
i n f l u e n t  BOD based on raw source B O D ' S  (WIB), and e f f l u e n t  
BOD (ZSTAR) 
TAX = charge per  u n i t  o f  BOD d ischarged 
L  = lower boundon  e f f l u e n t  BODas f u n c t i o n o f  W I  and W I B  
U = upper bound on e f f l u e n t  BOD as f u n c t i o n  o f  W I  and W I B .  
The values o f  Y I ,  W I ,  W I B ,  and TAX a re  supp l i ed  t o  t h e  f u n c t i o n  
w h i l e  TCOSTl and ZSTAR a r e  re tu rned .  
TCOST2 - user  suppl ied  f u n c t i o n  ca l  l e d  by DUAL which computes 
Min im ize  TCOST2 = T ( Y  1 ,WI  , W I B , C ~  ,C~,ZSTAR) + TAX;kZSTAR 
ZSTAR 
Subject  t o  W I  - ZMAX - < ZSTAR < W I  where 
- 
T = cost  o f  a t -source BOD removal as f u n c t i o n  o f  source f l o w  
( Y I ) ,  p resen t  BOD d ischarge (w I ) ,  raw source BOD (WIB), 
e f f l u e n t  BOD d ischarged (ZSTAR), and two constants  ( ~ 1  
and ~ 2 )  
TAX = charge per u n i t  o f  BOD d ischarged 
ZMAX = upper bound on a l l owab le  BOD removal. 
The va l  ues o f  Y I ,  W I  , W I B ,  C 1 ,  C2, and TAX a r e  suppl ied t o  t he  
f u n c t i o n  w h i l e  TCOST2 and ZSTAR a re  re tu rned .  
To g i v e  a  numerical  demonstrat ion o f  t h e  program problem 
Wl-PB-TB o f  Sect ion 5.2 w i l l  be run. Recal l  t h a t  i t  i s  based on da ta  from 
t h e  W i l  l a m e t t e  R i v e r .  There  i s  a  s i n g l e  1 i n e a r  segment o f  15 waste  
sources,  4  o f  wh ich  a r e  dummy sources ( a d d i t i o n a l  l o c a t i o n s  f o r  r e g i o n a l  
p l a n t s ) .  S ince  t h e  DO t r a n s f e r  c o e f f i c i e n t s  a r e  d e r i v e d  f rom a  BOD-DO 
model w i t h  no l o n g i t u d i n a l  m i x i n g  t h e r e  a r e  15 d i s c h a r g e  p o i n t s ,  one f o r  
each source.  Hence MREACH = 15.  There a r e  14 reaches o r  c o n t r o l  p o i n t s  
a t  w h i c h  DO g o a l s  must be met. The a t - s o u r c e  t r e a t m e n t  c o s t  f u n c t i o n  i s  
t a k e n  t o  be t h e  same as t h e  r e g i o n a l  t r e a t m e n t  c o s t  f u n c t i o n  s o  ZMAX, C 1 ,  
and C2 a r e  n o t  r e q u i r e d  as i n p u t .  A l l  c o s t s  a r e  i n  m i l l i o n s  o f  d o l l a r s .  
The i n p u t  d a t a  a r e  d i s p l a y e d  i n  F i g .  5.1 f o r  t h e  i n i t i a l  r u n  
o f  PORSTl t o  s o l v e  t h e  r e g i o n a l i z a t i o n  problem. The r e s u l t i n g  o u t p u t  i s  
shown i n  F i g .  B.2. The maximum dual  v a l u e  i s  o b t a i n e d  a t  i t e r a t i o n  14. 
S i n c e  t h e  dua l  v a l u e  i s  n o t  w i t h i n  o u r  e s t a b l i s h e d  c r i t e r i o n  o f  a  0.1% 
t o l e r a n c e  o f  t h e  p r i m a l  a  dua l  i t y  gap e x i s t s .  However, t h e  p r i m a l  s o l u t i o n  
o f  t h i s  i t e r a t i o n  wou ld  be o p t i m a l  i f  t h e  DO goa l  o f  reach 1 1  was inc reased  
by o n l y  0.0024 mg/l ( i g n o r i n g  t h e  s l i g h t  i n f e a s i b i l i t y  o f  reach 1 ) .  The 
a1 t e r n a t e  r e g i o n a l  c o n f i g u r a t i o n s  w h i c h  o c c u r  f o r  t h i s  gap can b e  i d e n t i -  
f i e d  f r o m  i t e r a t i o n s  14 and 16 ( o r  15 ) ,  t h e  o n l y  d i f f e r e n c e  b e i n g  t h e  s i z e  
o f  t h e  f a c i l i t i e s  b u i l t  a t  l o c a t i o n s  1 and 2. Us ing  PORST2 t o  f i n d  t h e  
minimum c o s t  degree o f  t r e a t m e n t  s o l u t i o n  f o r  each c o n f i g u r a t i o n  ( f o r  t h e  
o r i g i n a l  DO g o a l s )  wou ld  show t h a t  t h e  r e g i o n a l  f a c i l i t y  arrangement o f  
6  i t e r a t i o n  1 4  g i v e s  t h e  b e t t e r  r e s u l t ,  $2.523 x  10 . From o u r  l o w e r  bound 
6  
o f  $2.519 x  10 ( t h e  maximum dual  v a l u e  o f  i t e r a t i o n  14) we see t h a t  t h i s  
s o l u t i o n  i s  guaranteed t o  be w i t h i n  0.16% o f  t h e  t r u e  optimum. I n  f a c t  a  
s i n g l e  b r a n c h i n g  wou ld  show t h a t  i t  a c t u a l l y  i s  optimum. 
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PCRSTl - PFOBLEM k1-PB-TB (ALL COSTS I N  MILLIGN UOLLAkSJ 
ITERATIGN 1 DUAL = -0.16329oE 03 PRIMAL = Oe757536E 0 1  
UPPER BOUND CN DUAL = 0-757536E 0 1  
ITERATION 2  DUAL = 0.2295d6E 0 1  PRIMAL = 0,229586E 0 1  
UPPER BOUhD CN OUAL = 0-448735E 0 1  
ITERATION 3  DUAL = -0,923421E 0 0  PRIMAL = 0.236382E 0 1  
UPPER BOUNO Gh DUAL = 0.387226E 0 1  
ITERATION 4  DUAL = 0-134150E 0 1  PRIMAL = 0-386035E 0 1  
UPPER BOUND CK DUAL = 0-291508E 01 
ITERAT ICIN 5 DUAL = 0-234468E 0 1  PRIMAL = 0-277605E 0 1  
UPPEk BOUND Oh DUAL = 0-265680E 0 1  
ITERATICN 6  DULL = 0 -250733 f  01  PRIMAL = Oe244532E 01  
UPPER BOUND CN DUAL = 0.262725E 0 1  
ITERATION 7  DUAL = 3-223449E 0 1  PRIMAL = 0-275658E 0 1  
UPPER BOUND GN DUAL = 0.254006E 0 1  
ITERATION 8  DULL = 0.247074E 0 1  PRIMAL = 0 . 2 6 8 4 2 1 ~  0 1  
UPPER BCUNO O h  DUAL = 0-253516E 01 
ITERATION 9  DUAL = 0-251522E 0 1  PRIMAL = 0-256308E 0 1  
UPPER BCUND ON DUAL = 0.253183E 01 
ITERATION 10 DUAL = 0,249094E 0 1  PRIMAL = 0,254399E 0 1  
UPPER BOUNO ON DUAL = 0-2523b0E 0 1  
ITERATION 11 DUAL = 0.251808E 0 1  PRIMAL = 0.249251E 3 1  
UPPER BOUNO ON DUAL = 0-252057E.01 
ITERATION 12 DUAL = 0-251d75E 0 1  PRIMAL = 0.258210E 0 1  
UPPER BOUNO ON DUAL = 0-252023E 0 1  
ITERATION 13 DUAL = 0 -251879 t  0 1  PRIMAL = 0-252729E 0 1  
UPPER BOUhO GN DUAL = 0.251981E 01  
ITERATION 1 4  DUAL = 0.251943E 0 1  PRIMAL = 0-250962E 0 1  
J Y (  J )  Z (  J )  I U ( I )  STD(1) G ( I )  
1 4.83 4032-72 1 0.97952E 02 0 - 0  0 ~ 0 0 0 1   
2  31.30 36063-37 2  0 - 0  0 - 0  -0,10867 
3 0 - 0  0 - 0  3  010 0.0 -0,19348 
4  0.0 0 - 0  4  0.0 0 - 0  -0.28072 
5 4.16 5416-53 5 0 - 0  0 - 0  -Oe35d5d 
6 1 2 - 9 0  6738-64 6  0 - 0  0.0800~l -0-33604 
7 1 4 - 0 0  5774 -30  7  0.0 0 -62000 -0-  13200 
8 8.40 8224-90 8  0.0 0 -75090  -0-62794 
9 0 - 0  0 - 0  9 0.0 2-09000 -0 -10125 
10 14 -20  4215 -41  1 0  0 - 0  2-51000 -0 -00776 
11 36-80  47538-79 11 C.51129E 00  2,66000 -0.002*4 
12 0 - 0  0 - 0  1 2  0 - 0  1.95000 -0.38302 
13 4.00 9957.35 1 3  0 - 0  2-10003 -0 -25961 
1 4  0 - 0  0 - 0  1 4  0 - 0  2.41000 -0.031b2 
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The f o l  lowing i s  a 1 i s t  o f  t h e  ma jo r  v a r i a b l e s  used i n  the  
program. The dimensions o f  a l l  a r rays  a re  shown i n  parentheses. 
NLl - number o f  sources i n  segment one. 
NI-2 - number o f  sources i n  segment two. 
NLNR - number o f  sources which cannot reg iona l  i ze .  
NI-TOT - t o t a l  number o f  sources. 
NREACH - number o f  reaches i n  r i v e r .  
MREACH - number o f  reaches which rece i ve  waste d ischarges o r  number o f  
d i scharge p o i n t s  . 
NSPLIT - number o f  e q u a l l y  spaced b reakpo in ts  which source f l o w  can be 
d i v i d e d  i n t o  t o  determine a l l owab le  l e v e l s  o f  sp l  i t  f lows.  
NSTATl - number o f  s t a t e  l e v e l s  f o r  segment one. 
NSTAT2 - number o f  s t a t e  l e v e l s  f o r  segment two. 
NSTATE - t o t a l  number o f  s t a t e  l e v e l s ,  NSTATl + NSTAT2. Equals t h e  sum o f  
t h e  NSPLIT va lues f o r  a1 1 sources which reg iona l  i z e  p l u s  1 .  
NR(I )  - reach o r  d ischarge p o i n t  f o r  source I ,  (MREACH) .
Q( I )  - source f l o w  o f  source I ,  (NLTOT). 
SBAR(1) - un t rea ted  i n f l u e n t  source BOD f o r  source I ,  (NLTOT) . 
S ( I )  - cu r ren t  e f f l u e n t  BOD o f  source I ,  (NLTOT). 
ZMAX(I )  - maximum BOD removal by at -source t reatment  a t  I ,  (NLTOT). 
C l (1 )  - c o e f f i c i e n t  i n  a t -source BOD removal cost  f u n c t i o n  a t  I ,  (NLTOT). 
C2(1) - same as above. 
D(I) ,DIST - d i s tance  t o  downstream source (NLTOT). 
A ( I , J )  - change i n  DO i n  reach I due t o  u n i t  change i n  BOD d ischarged i n t o  
reach J o r  d i scharge p o i n t  J , (NREACH ,MREACH) .
STD( I )  - DO improvement requ i red  f o r  reach I ,  (NREACH). 
YLOWER( I ) ,  YL - lower  bound on a1 l owab le  f a c i  1 i t y  s i z e  a t  I ,  (NL l tNL2) .  
YUPPER(I )  , YU - upper  bound on  a1 l o w a b l e  f a c i l  i t y  s i z e  a t  I, ( N L I + N L ~ ) .  
~ ( 1 )  - h y d r a u l i c  s i z e  o f  f a c i l i t y  a t  I ,  (NLTOT). 
z ( 1 ) - BOD d i s c h a r g e d  a t  I  , (NLTOT) 
~ ( 1 )  - dua l  v a r i a b l e  f o r  reach I ,  (NREAcH) . 
~ ( 1 )  - amount w h i c h  DO i s  below STD( I )  i n  reach I ,  v a l u e  o f  DO c o n s t r a i n t ,  
~ ( 1 )  - r i g h t  hand s i d e  o f  DO c o n s t r a i n t ,  (NREACH). 
U A ( I ) ,  TAX - d o t  p r o d u c t  o f  U  w i t h  I t h  column o f  A, (NREACH) .
SUMQ( I )  - sum o f  Q(J)  , J= l  , I ( N L I + N L ~ + ~  ) . 
 STATE(^ ,J) - s t a t e  l e v e l s  o f  waste  f l o w  
STATE(2,J) - s t a t e  l e v e l s  o f  p r e s e n t  BOD d i s c h a r g e s  (~ ,NsTATE) .  
STATE(3,J) - s t a t e  l e v e l s  o f  raw BOD'S 
KYPATH ( I )  - s t a t e  p a t h  o f  r e g i o n a l  c o n f i g u r a t i o n  o f  PORST2, (NLl+NL2+1). 
R ( 1  ,J) - o p t i m a l  r e t u r n  a t  l o c a t i o n  I b e i n g  i n  STATE(I ,J ) ,  (NLI+NC~,NSTATE). 
NSOLY( I ,J )  - o p t i m a l  s t a t e  l e v e l  o f  f l o w  f o r  l o c a t i o n  I i n  STATE( I , J ) ,  
(NLI+NL~,NSTATE) .
SOLZ(  I  ,J)  - o p t i m a l  BOD d i s c h a r g e  a t  l o c a t  i o n  I i n  STATE(I ,J) , (NLI+NL~,NSTATE). 
H  - v a l u e  o f  dua l  o b j e c t i v e  f u n c t i o n .  
F - v a l u e  o f  p r i m a l  o b j e c t i v e  f u n c t i o n .  
HMAX - maximum v a l u e  o f  dua l .  
HUB - upper  bound on d u a l .  
ICODE - i s  1 f o r  PORSTI, 2  f o r  PORST2. 
TOLl - v a l u e  o f  (HUB - HMAX)/HMAX wh ich  t e r m i n a t e s  program. 
TOL2 - v a l u e  o f  (HUB - HMAX)/HMAX below which d e t a i l e d  o u t p u t  i s  p r i n t e d .  
ITER - i t e r a t i o n  number. 
RR - cos t  o f  reg iona l  s o l u t i o n  as determined by dynamic programming. 
Y I P  - f l o w  p iped between source l o c a t i o n s .  
Y I  - h y d r a u l i c  s i z e  o f  t rea tment  f a c i l i t y .  
W I  - i n f l u e n t  BOD based on cu r ren t  BOD d ischarges.  
WIB - i n f l u e n t  BOD based on raw source BOD'S. 
PIPE - cos t  o f  p i p i n g  between adjacent  l oca t i ons .  
TREAT - cos t  o f  t rea tment  p l u s  e f f l u e n t  charge. 
ZSTAR - op t ima l  BOD d ischarge.  
UB - dot product  o f  U w i t h  B. 
M - number o f  rows i n  column generat i o n  LP. 
N - number o f  columns i n  column genera t ion  LP. 
AA(I ,J) (A( I ,J )  i n  subrou t ine  SIMPLE) - c o e f f i c i e n t  m a t r i x  o f  column 
genera t ion  LP, (NREACH + 1 , NREACH + max. number o f  i t e r a t i o n s )  . 
BB( I )  - r i g h t  hand s i d e  o f  column genera t ion  LP, (NREACH + 1 ) .  
CC(I) - o b j e c t i v e  f u n c t i o n  c o e f f i c i e n t s  o f  column genera t ion  LP, 
(NREACH + max. number o f  i t e r a t i o n s ) .  
Z Z ( l )  - s o l u t i o n  of  column genera t ion  LP, (NREACH + max. number o f  i n t e r a t i o n s )  . 
P ( I )  - dual  v a r i a b l e s  t o  column genera t ion  LP, (NREACH + I ) .  
JH,XX,X,PE - temporary s to rage  a r rays  used i n  sub rou t i ne  SIMPLE, a1 1 
d  imens ioned a t  (NREACH + 1 ) . 
2 E - temporary s to rage  a r r a y  used i n  SIMPLE, dimensioned a t  (NREACH + 1 ) . 
KO( I )  - con ta ins  s o l u t i o n  i n fo rma t i on  f o r  column genera t ion  LP, ( 6 ) .  
The maximum number o f  i t e r a t i o n s  used i n  t h i s  v e r s i o n  o f  PORST i s  50. 
A 1 i s t  i ng  o f  t he  e n t i r e  program f o l  lows. The f unc t i ons  PCOST, 
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t ~ = N i l E C C t i  
60 C A L L  L jUAL  
C  
C * * * P h I N T  OUT S U L U T I L N .  
W h I T E (  I G U T ,  1 d L O )  I T E h t  H t F  
i F  (H,(;T.HE.,CX) H M A X = H  
I F  ( A G S  (hUB-HMAX) .GT . A B S  ( HMAX1:1TOL2 1 )  GO TO 0 5  
h R i T E (  I C U T , L ~ L O )  
00 110 I = l t J J  
1 F  ( I -GT - I \ i L T b T )  GU T O  10i) 
W R I T E ( I O U T t l U 3 ~ 1  I t Y ( i ) r i ! ( I )  
GO Ti) 11d 
100 W P i T E ( I U U T , l U 3 d J  
110 I F  ( I . G T , N K t k C H )  GIJ T O  110 
W h I T E (  I G U T t 1 0 4 3 J  l , U ( I ) t S T D ( l  I r G ( 1 )  ' 
120 C L N T I N U t  
C 
C * * * U P D L T K  L I P -  A R R A Y -  S O L V E  L O P -  TO O B T A I N  NEW 
C***MULT I P L  I ERS . 
6 5  1\1=?4+1 
CC( h I = F  
DO 7 0  1 - 1 , N h E A C H  
7 0  A A (  I t N ) = G I  I) 
A A ( M , h I = l .  
Z Z ( N ) = O .  
1F ( I T E R . G T . 1 )  K B = 1  
75 C A L L  S I M P L E ( K ~ ~ M ~ N ~ ~ ~ A ~ B B ~ C C ~ K C ~ ~ L L ~ P ~ J H ~ X X ~ X ~ P E ~ E ~  
If ( K O ( l ) . h E * O )  GI3 T O  1u00 
H U B = - P ( M )  
h ' R I T E (  I G U T  t 2 O 2 O )  H U B  
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00 8Ll ! = 1 * N & t A C h  
80 U ( I I = P ( I l  
I T t K = I T E R + l  
I F  ( N e G E S 8 0 )  Gr3 T O  1040 
GO T O  60 
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UG 1 O O 1  I = l t N k E A C H  
1001 U ( I J = U ( I I * * 2  
GG T D  60 
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